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The field of cosmology has recently reached a critical point. While the framework
for a standard model of our universe has been in place for some time, recent experi-
ments have measured many of the fundamental parameters of this model to percent
level accuracy. Additionally, our theoretical understanding of astrophysical processes
(such as galaxy formation) is beginning to link these processes with the larger struc-
ture of the universe. We have now entered an era of precision cosmology that has
elevated it to the level of a “mature” field of science. In particular, we now know
that the energy content of the universe is roughly 5% ordinary baryonic matter and
25% of a mysterious substance called dark matter that is collisionless and interacts
through the gravitational and (most likely, for reasons of particle production) weak
forces. The remaining 70% of the energy budget exists in an even more mysterious
form known as dark energy whose defining property is that it is driving the uni-
verse into an epoch of accelerated expansion. While particle theory has produced a
handful of reasonable possibilities for the dark matter, the community is at a loss to
convincingly explain the dark energy, whose properties remain highly unconstrained.
In addition to knowing the constituents of the universe, we understand a substan-
tial amount about how the universe evolves and structures form. During the early
universe, tiny density perturbations (probably created by an inflationary epoch) are
amplified by gravitational interactions once the epoch of matter domination begins.
Once these perturbations reach a critical size they will collapse, forming virialized
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objects known as dark matter halos. These early halos continue to grow through
the accretion of diffuse matter and mergers with other halos. Once a halo is massive
enough, accreted gas will be able to cool and collapse, forming stars, galaxies, and
galaxy clusters inside the halo. While this general framework has recently become
solidified, there are a number of details that remain unclear. This thesis will attempt
to aid our understanding of this process by exploring the equilibrium structure of
dark matter halos and the physical processes important for setting this structure.
The work presented here is computational in nature and uses a suite of N-body simu-
lations to examine both the large- and small-scale distribution of dark matter in the
far future of the universe, and attempts to understand how this distribution came
about.
This thesis is organized as follows. In chapters 2 and 3 I will give an overview
of the current state of cosmology and cosmic structure followed by a discussion of
cosmological N-body simulations, the simulations used for the studies in the following
chapters. Chapters 4 - 7 present much of my research, which has been published under
the references Busha et al. (2003), Adams et al. (2003), Busha et al. (2005), and Busha
et al. (2007). Finally, I conclude in chapter 8, summarizing the main results from
the previous chapters and discussing how this work fits into the broader context of
community efforts.
CHAPTER 2
The Standard Model of Cosmology
The contemporary standard model of cosmology begins with the hot big bang
paradigm. This paradigm assumes that the universe began in an initially hot, dense
state, with energies comparable to the Planck scale, ∼ 1019GeV. No assumptions
are made about the universe in this extreme state, where all of conventional physics
breaks down. However, the universe has expanded and cooled since then, a process
that is ultimately responsible for creating the stars and galaxies we observe today.
This fantastic idea is supported by a suite of observations, known as the three pillars
of the big bang. The first hint of this model came with the work of Hubble (1929),
who measured a correlation between the radial velocities and distances of nearby
galaxies. His measurements showed that, on average, all galaxies are receding away
from us at a rate proportional to their distance, i.e., that the universe is expanding.
This was a revolutionary conclusion since conventional wisdom at the time was that
we lived in a static universe. While his measured expansion rate was several times
larger than that of modern measurements (there were systematic errors in his distance
measurements), this discovery was of such importance that the Hubble parameter,
H , is named after him.
The second pillar is the presence of the cosmic microwave background (CMB).
Gamow (1948) and Alpher & Herman (1948) realized that residual photons from the
early hot, dense phase of the universe should have cooled to a few degrees above
absolute zero in a blackbody spectrum. This radiation was first measured by Penzias
3
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& Wilson (1965). Finally, in the 90’s, the COBE satellite was able to accurately
measure the spectrum as a near perfect blackbody with temperature 2.735 ± 0.06K
(Mather et al., 1990). Continuous improvements of CMB measurements (de Bernardis
et al., 2000; Spergel et al., 2003, 2006) have refined our knowledge of the universe,
providing us with a wealth of information its geometry and contents.
Finally, because the universe has been cooling from a hot dense state of unbound
quarks and other sub-atomic particles, we can understand the mechanisms responsible
for forming the first elements in the universe. Big bang nucleosynthesis calculations
predict that the universe should be dominated by light elements and predicts the rela-
tive abundances, hydrogen, helium, deuterium, and lithium, among others (Wagoner
et al., 1967; Copi et al., 1994), which depend on the cosmic baryon to photon ratio.
Recent observations of these abundances (O’Meara et al., 2001; Olive & Skillman,
2004) yield a ratio remarkably consistent with that from CMB measurements.
Using these observations, the big bang paradigm works with Einstein’s theory of
general relativity to predict the evolution of the universe as a whole. This chapter will
present a number of aspects of this paradigm, including the evolution of the universe,
dark matter, and large scale structure.
2.1 The Homogeneous Universe
While the standard model of cosmology resides within the big bang paradigm, it
requires two additional assumptions: isotropy and homogeneity of the universe.
Isotropy is the assumption that there are no preferred directions in the universe
(everything looks the same, on large enough scales, every direction we look), while
homogeneity assumes that there are no special places in the universe (on large enough
scales, every region of space looks just like every other). Using these two assumptions,
it is possible to solve Einstein’s equations of general relativity, yielding a unique de-
scription for the expansion history of the universe that depends on only a handful of
5
cosmological parameters. Using this solution, it is possible to derive the evolution of
both the universe as a whole and, if one includes the standard suite of fluid equations,
of small density fluctuations in the universe that eventually form stars and galaxies.
In this section we describe the expansion of the universe, while section 2.2 covers the
evolution of density inhomogeneities.




Rgµν + Λgµν = 8πGTµν , (2.1)
where gµν is the metric tensor describing the geometry of the universe, Rµν and R are
the Ricci tensor and scalar (both determined by the metric), G is Newton’s Gravita-
tional constant, Tµν is the stress-energy tensor (determined by the constituents of the
universe), and Λ is the famous cosmological constant (see a text such as Carroll, 2004
for further discussion of these terms). The presence of Λ was originally postulated to
keep the universe in a steady state before the observations of Hubble (1929) showed
that the universe is expanding. Upon this discovery, the constant was thrown out,
but has recently been re-introduced as an explanation of the observed accelerated ex-
pansion of the universe. If we treat the large-scale universe as a homogeneous fluid,





ρ 0 0 0
0 p 0 0
0 0 p 0




Now, all that’s left to define is the metric, which can be determined using the as-
sumptions of cosmological homogeneity and isotropy. The Robertson-Walker (RW)
metric is the maximally symmetric metric satisfying these conditions. It is based on
6
a space-time interval of the form
ds2 = −dt2 + a2(t)
(
dr2




where a(t) is the scale factor that determines the size of the universe and k is the
curvature term and can be equal to -1, 0, or 1, depending on the geometry of the
universe. As a side note, I should mention that it is sometimes conventional to change
the sign of equation (2.3), making dt2 positive and a2 negative. This thesis, however,
will use the above convention, consistent with Carroll (2004). The interval ds lets us








0 0 a(t)r 0




The metric is a modification of a static, flat space-time. A curvature term, k, is intro-
duced in the 1-1 component, and all spatial components are multiplied by an evolving
scale factor, a(t). Using these relations, we can now solve Einstein’s Equation.















This equation relates the expansion of the universe, ȧ, to the energy density and
curvature. The other diagonal components of Einstein’s equations can be combined












= −8πGp + Λ. (2.6)
This equation can be re-written in a slightly more useful form that depends only on










Here we see that the second derivative of the scale factor has no direct dependence
on the geometry of the universe but does depend on both the energy density and
pressure of the matter content.
One final piece of information needed to understand the evolution of a is the
evolution of ρ with time. This is given through the fluid equation. Assuming con-
servation of energy on cosmological scales, consider the first law of thermodynamics
for an adiabatic system, Ė + P V̇ = 0. In a cosmological setting, V̇ = 3V ȧ/a and




(ρ + P ) = 0. (2.8)
This equation tells us that the evolution of ρ with the scale factor depends ratio
of ρ and P . In particular, we see that for collisionless matter (P = 0) we get the
relation ρ ∝ a−3. On the other hand, the constant, Λ, behaves like as a substance
with ρ = −P . Once assumptions are made about ρ and P for all constituents of
the universe, equations (2.5), (2.7) and (2.8) describe the full evolution of the scale
factor, a. For the epochs this thesis is concerned with, the universe will be dominated
by collisionless dark matter and a cosmological constant.
There are also a number of notational conventions that need to be addressed.
Because the ratio appears so frequently, it is also convenient to define the Hubble





This describes the rate of expansion of the universe. The parameter h is used as a
convenient dimensionless version of H . Additionally, as a consequence of the growth of
the scale factor, a, light emitted from a distant object will be stretched, or redshifted,
before it reaches us. Consequently, while a can be used to define the age of the
universe, the redshift, z, is frequently used instead as a more directly observable
8







The redshift, z is defined relative to some observation time, a0, typically taken to
be the value of the expansion factor today. Note that z is both a measure of time
and distance, such that z = 0 represents both the current epoch and the immediate
vicinity. Also, a(today) is typically normalized to 1. The normalization is arbitrary,
but is allowed since a is a dimensionless parameter.
It is worth pointing out a special solution of equation (2.5). For a universe with
no cosmological constant, the energy density required to create a flat universe (k = 0)











where x is typically m (matter), r (radiation), Λ (the dark energy), or some other con-
stituent of the universe. This parameter determines the fate of a matter-dominated
universe. A universe with Ωtotal = 1 is known as a flat universe. Such a universe
will expand forever, but will slow down as it does so. The gravitational attraction
of matter is just strong enough to counteract the expansion and ȧ asymptotes to
zero as a → ∞. If Ωtotal < 1, the universe is negatively curved (k = −1) and the
gravity is unable to counteract the expansion, causing the universe to grow to infinite
size and reach a steady rate of expansion. A negatively curved universe has k = +1
and Ωtotal > 1. Here, there is ample matter in the universe to slow and reverse the
expansion, eventually causing a re-collapse with a → 0 at some non-zero time. The
presence of Λ changes these fates, and in particular a universe with Ωtotal = 1 will
expand forever if Λ > 0.
9
Figure 2.1. The evolution of the scale factor, a, for universes with various components. The
dotted line, a = 1, represents the present epoch. All matter components are pressureless. The
Λ-only universe was calculated using the constraint that the age of the universe was the same as in
the Ωm = 0.3, ΩΛ = 0.7 universe.
Figure 2.1 shows a series of solutions for the expansion of the universe from solving
equation 2.5. Different colors represent universes with different matter and dark
energy content. The black represents the concordance model universe, with Ωm = 0.3
and ΩΛ = 0.7. The light and dark green lines show slight variations but retain
Ωm + ΩΛ = 1. The red line represents the classic Einstein-deSitter universe with
Ωm = 1. The orange and violet lines show open and closed universes, respectively.
Finally, the dark blue line shows a Λ-only universe. The solution for such a universe,
as discussed in section 2.3.2, is exponential expansion, which can never have a → 0,
so this solution was obtained under the constraint that the age of the universe be 13.5
Gyr with H0 = 70km/s/Mpc, the same as the age of a concordance-model universe.
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2.2 The Lumpy Universe
While the cosmological principle assumes that the large scale universe is homogeneous,
we know from the presence of clusters, galaxies, stars, planets, and even ourselves,
that homogeneity must break down on all but the largest scales. When combined with
equations from classical mechanics, the Friedman equations give us the ability to pre-
dict much of the early evolution of inhomogeneities. They do not, however, provide
us with a mechanism for generating the initial perturbations. The early perturbations
can be measured through tiny anisotropies in the CMB, which correspond to small
scale density fluctuations at the time the CMB was generated, roughly 300,000 years
after the big bang, and can be accurately measured with the COBE and WMAP
satellites. Characterizing these inhomogeneities allows us to reproduce the power
spectrum of density perturbations at that time, giving us the ability generate initial
conditions for numerical simulations (discussed in chapter 3) that statistically repli-
cate our universe. One possible method for generating these perturbations, inflation,
is discussed in section 2.3.3. Once the perturbations have been generated they grow
through gravitational amplification, eventually becoming halos, galaxies, stars, and
even planets.
As a quick note, the following discussion assumes that the matter content of the
universe consists only of collisionless (pressureless), non-relativistic cold dark matter
(CDM, which will be discussed more thoroughly in the next section). The inclusion
of some sort of baryonic (collisional) matter adds complications that typically serve
to retard the perturbation growth at early epochs, such as when the universe was
hot enough that photons and ions were coupled. However, observations indicate
that dark matter dominates over baryonic matter at all epochs. Additionally, once
the universe cools enough for the photons and baryons to decouple the discussion
becomes appropriate for the baryonic component as well. See Hu & Sugiyama (1996)
for a complete discussion of the linear growth of the coupled photon-baryon-dark
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matter system.
Limiting our discussion to weak perturbations (the kind present at recombination),
we can use a Newtonian description. Consider a patch of space surrounding a spherical
perturbation. This region will be described by the equations
∂ρ
∂t
+ ∇ · (uρ) = 0 (2.13)
∂u
∂t
+ (u · ∇)u = −∇φ (2.14)
∇2φ = 4πGρ (2.15)
where equations (2.13), (2.14) and (2.15) are the continuity equation, Euler’s equa-
tion, and Poisson’s equation, respectively (Peebles, 1980). Here, u is the velocity of a
fluid element, and φ is the gravitational potential. The above equations assume that
we are working in the proper, physical coordinate system. In order to continue our
analysis, we will convert these equations into comoving coordinates,
r = a(t)x, (2.16)
where r represents the physical (proper) position and a is the expansion factor. The
comoving coordinate, x, is just the physical location with the effects from the expan-
sion of the universe removed, i.e., a coordinate system that grows with the universe.
We can also relate the physical velocity, u, to a peculiar velocity, v, using
u = ṙ = ȧx + aẋ = ȧx + v. (2.17)
In this system, v is the velocity relative to the background universe, which ignores
motion induced by the Hubble expansion.
In order to convert equations (2.13), (2.14), and (2.15) to a comoving system we
must transform both the coordinates and the derivatives, which act on a specific












− H(x · ∇x) (2.18)
∇r = a−1∇x. (2.19)
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Here, the subscripts refer to the coordinate system. Finally, instead of considering
actual densities, we will consider a field of dimensionless density perturbations, δ(x, t),
such that
δ(x, t) =
ρ(x, t) − ρ̄(t)
ρ̄(t)
. (2.20)
Here ρ̄ is the mean matter density of the universe. This is a more useful notation
because it deals directly with the growth of inhomogeneities relative to the background
mass distribution, which is itself evolving with a. Using the identities from equations






















∇xφ̃ = 4πGρ̄δ (2.23)




Using these equations, we can derive an analytic solution describing the growth
of perturbations. We restrict ourselves to linear perturbations, where δ ≪ 1 and
(vt/d)2 ≪ δ. The former condition requires that the size of the perturbations is
small. In the latter condition, d and t represent the characteristic size and expansion
time of a perturbation, which makes sure that the expansion cannot act as a form of
pressure support.
In order to study the growth of inhomogeneities, we will consider the perturbations




dV δ(x, t)e−ik·x. Transforming equations (2.21) and (2.22)



























where vk is the Fourier transforms of v. Our restriction to the linear regime lets us
ignore the mode coupling terms — the sums over k′ in equations (2.25) and (2.26).
This has the benefit of making each mode independent of all other modes, allowing
us to consider perturbations of a specific k. Combining these equations gives us a
differential equation describing the evolution of a density perturbation in the linear
regime:
δ̈k + 2H(t)δ̇k − 4πGρ̄(t)δk = 0. (2.28)
This equation is similar to a damped harmonic oscillator. The 4πGρ̄(t) terms acts
as the “restoring” force, although gravity acts in the opposite direction and attempts
to make an overdense region more overdense. The 2H term is a linear damping force
— the Hubble expansion attempting to washout the overdensity. These competing
terms create two solutions to equation (2.28), one for growing modes and another
for decaying modes. However, in order to solve equation (2.28) for perturbation
evolution, you must understand the evolution of the Hubble parameter, which is set
by the cosmological parameters Ωm and ΩΛ.
As an example, consider an Einstein-deSitter universe with Ωm = 1 at all times.
Equation (2.5) can be solved, yielding a ∝ t2/3 and H = (3/2t)2. Plugging this into




As expected, there is both a growing and a decaying mode. Because the initial pertur-
bations where small when formed, and the scale factor has grown by many orders of
magnitude since then, the decaying mode can be ignored as a small correction. Doing
this, we see that, in an Einstein-deSitter universe, perturbations grow like δk ∝ a. In
order to generalize the solutions of equation (2.28) to an arbitrary cosmology, it is
customary to introduce the linear growth function, D, such that δk(t) = D(t)δk(t0).
In general, D must be solved through numerical integration.
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While equation (2.28) is useful for tracking the evolution of an individual per-
turbation, one thing that still has yet to be specified is the initial distribution of
perturbations. This is something that must be measured and results in the addition
of several new cosmological parameters. The perturbation distribution is character-
ized by the input power spectrum,
P (k) = 〈|δk|2〉. (2.30)
The initial power spectrum generated from inflation is predicted to nearly be a power
law, P (k) ∝ kn, and can be measured almost directly from the CMB. This introduces
two additional parameters needed to characterize the cosmology — the spectral index,
n, and the amplitude of perturbations, σ8. Measurements of the spectral index puts
it close to the scale-free value, n = 1 (Spergel et al., 2006). Physical processes during
the earliest times (in particular during the radiation-dominated epoch) will cause
this power law to break. The details of this process are beyond the scope of this
dissertation, but the exact evolution of the power spectrum during these epochs can
be found in Seljak & Zaldarriaga (1996).
Using these conventions, we can describe the growth of inhomogeneities in the
cosmic density field through the linear regime. These results break down when per-
turbations enter the non-linear regime, δ ∼ 1. Unfortunately, most cosmic structures
(i.e., galaxies and clusters) have δ ≫ 1. Consequently, we must resort to numerical
methods, such as N-body simulations, to study this regime. These simulations are
discussed in chapter 3.
2.3 The Dark Universe
In order to complete the Big Bang model and understand how it applies to our
universe, the components of our universe and a method for generating initial density
perturbations must be specified. In this section we focus on the concepts of dark
matter, dark energy, and inflation which complete this paradigm.
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2.3.1 Dark Matter
Dark Matter is a form non-baryonic matter that does not interact electromagnetically,
making it collisionless and incapable of forming stars and galaxies, or even of being
directly observed by ordinary telescopes. While regions of high dark matter density
do exist, it is virtually impossible for dark matter to form extremely dense objects,
such as planets, because the lack of electromagnetic interactions make it difficult for
a collection of dark matter particles to dissipate energy and angular momentum in
the same way that baryons do.
Because we cannot see dark matter directly, we must study it by understanding
the effects it has on galaxies and other objects we regularly study. The presence of
dark matter was first hinted at by Zwicky (1937), who noted that, if a reasonable
mass to light ratio was assumed, the total mass in nearby galaxy clusters was much
too small to keep the galaxies gravitationally bound to each other. There had to
be some additional invisible matter present if the systems were in equilibrium and
not just chance juxtaposition of galaxies passing by each other. This idea of missing
mass was further strengthened with the work of Rubin et al. (1985) who measured
the rotation curves of many galaxies. If mass traced the luminous part of galaxies,
such rotation curves should fall off at large radii. This work, however, discovered that
rotation curves were flat out to regions where the luminosity was very low, indicating
that a substantial amount of mass in a galaxy was non-luminous.
While these results indicated that there was indeed a “missing matter” problem,
they allowed for the possibility that this matter was baryonic. However, measure-
ments of element abundances from big bang nucleosynthesis constrain the abundance
of baryonic matter to be only a few percent of the universal critical density. This
was in contradiction with both the theoretical expectation that Ωm = 1, and cluster
surveys which were converging towards Ωm = 0.3. In either scenario, the balance of
the missing mass must be non-baryonic. While we still have yet to directly detect
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the presence of dark matter, recent lensing observations and the now famous “Bullet
Cluster” (Clowe et al., 2006) provide almost irrefutable evidence for the presence
of non-baryonic dark matter. The bullet cluster is a system of two galaxy clusters
undergoing a major merger, with one cluster having just passed through the center
of the other. Weak lensing measurements of the mass distribution reveals two mass
peaks. First, there is a weak peak near the center of the merging systems coincident
with a strong x-ray signal, revealing the presence of a large amount of collisional gas
that is being shock heated. A second, stronger peak, is more advanced, and is coinci-
dent with the collisionless galaxies of the penetrating cluster that are unable to lose
energy through heating and therefore pass freely though the cluster. This mass peak
is much too strong to be accounted for by the stars, requiring some additional col-
lisionless component that dominates the system gravitationally — the non-baryonic
dark matter. Particle theorists have postulated a number of reasonable candidates
for this matter, candidates that may be observable in the next generation particle
accelerators that are currently under construction.
Classes of Dark Matter Because chapter 7 of this thesis will consider the effects
of the dark matter properties on cosmic structure, it is necessary to discuss the differ-
ent classes of dark matter, in particular Cold, Hot, and Warm Dark Matter (CDM,
HDM, WDM). As discussed above, a host of observations relying on different physics
points to the presence of a collisionless, non-baryonic component of the universe that
dominates over baryonic matter. While the exact nature of this particle (or parti-
cles) remains unknown, we have many important constraints on its properties. Aside
from the knowledge that dark matter interacts primarily through the gravitational
force (although most theories also require a weak interaction for particle production
purposes), we also have an upper limit on the dark matter velocity dispersion, which
in turn puts a lower limit on the mass for most conventional dark matter candidates.
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When theories of dark matter were first being postulated, candidates fell broadly
into two main categories: Cold and Hot Dark Matter. HDM consists of low-mass
particles that were relativistic at the time of decoupling from radiation, resulting in
a large intrinsic velocity dispersion. These high dispersions wash out density per-
turbations at scales below the free streaming length (which can be converted to a
mass scale using the universal background density). Although the exact cutoff point
in the power spectrum is model dependent, this scale is typically around a cluster
mass, M ∼ 1014h−1M⊙. HDM models were initially popular because the neutrino
was known to be an abundant weakly-interacting particle that probably had a mass
that was small but potentially large enough for neutrinos to be dominant over the
baryon population. Current measurements, however, put the total contribution of
neutrinos to the mass budget of the universe at about the 0.1% level.
CDM particles, on the other hand, have much higher masses, making them non-
relativistic when they decoupled from radiation. This gives them a low intrinsic
velocity dispersion that will not wash out inhomogeneities, allowing perturbations
to persist down to earth-mass scales and below. Typical CDM candidates are the
lightest supersymmetric particles predicted from particle theory, such as the gravitino.
While we have yet to observe any of these particles directly, the next-generation
particle accelerators that will be coming online in a few years are expected to produce
them, and much of the particle physics community believes that they will be found.
Intermediate models, such as Warm Dark Matter (WDM), are also possible. Here,
density perturbations are washed out on a modest galaxy or galaxy group scale.
For completeness, I should also note that it is possible to postulate low mass CDM
particles such as axions. See Kolb & Turner (1990) for a further discussion.
As we will discuss in section 2.4 and chapter 7, the presence or absence of low mass
density perturbations has a profound effect on process of structure formation. It is
primarily through studying these effects that we have been able to rule-out the HDM
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and WDM scenarios. The CDM paradigm has been firmly established as correct
model for our universe.
2.3.2 Dark Energy
In addition to the unexpected dark matter, a more inexplicable component of the
universe is dark energy (which, in spite of its name, has nothing to do with dark mat-
ter). Because of the strictly attractive nature of gravity, one expects the expansion
of the universe to be decelerating. However, measurements of the expansion history
of the universe from distant supernovae indicate that the expansion is actually ac-
celerating (Garnavich et al., 1998; Perlmutter et al., 1999). As seen in equation 2.7,
this can be caused by a cosmological constant or some other form of exotic energy
with ρ > −p/3 (as noted above, Λ is effectively a uniformly distributed substance
with ρ = −p). This acts as a substance that is gravitationally repulsively. In addi-
tion to acceleration measurements, the presence of such dark energy is supported by
CMB and large scale structure measurements. CMB measurements, with minimum
priors, put a tight constraint Ωtotal for the universe that is tantalizingly close to unity.
When combined with large-scale structure measurements, however, the total matter
content of the universe sits somewhere around 30%, which requires dark energy to
make up roughly 70% of the total mass/energy budget of the universe. While the
universe seems to have the theoretically-desirable critical density, stars and other
familiar object make up only a few percent of the universe. Some unknown form
of matter makes up roughly a third of the universe. The bulk of the energy in the
universe, however, is in some substance of a truly unknown form. While the scientific
community is currently at a loss to explain this substance (particle physicists have
come up with a plethora of models), observations are improving and it is becoming
possible to rule out more and more models of dark energy. Indeed, it is beginning
to look more and more likely that the dark energy is caused by the simplest of all
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models, a cosmological constant.
Equation 2.7 tells us about the acceleration or deceleration, and fate, of the uni-
verse. In the absence of a cosmological constant, the expansion of the universe will
decelerate as long as ρ > −p/3, eventually leading to collapse if the density is high
enough. Expansion will accelerate, however, for ρ < −p/3. The cosmological con-
stant, with ρ = −p, induces an epoch of exponential, or deSitter expansion. During





Because ρ̇Λ = 0 and ρ̇X < 0 for matter and radiation, any universe with a non-zero
cosmological constant will enter this phase, which, as discussed later in this thesis,
has substantial ramifications for the future of large-scale structure.
2.3.3 Inflation
While section 2.2 discussed the evolution of density perturbations, we have yet to
address the origin of these perturbations. The exact method for their generation is
still unknown, but the most popular explanation is to assume that the universe went
through an early phase of deSitter expansion known as inflation.
Like the big bang itself, inflation is a paradigm that serves to simultaneously solve
several problems. Originally postulated by Guth (1981), it addressed three distinct
problems: 1.) Why do we not observe any magnetic monopoles? Theories predict
that, as the early universe cooled enough to break symmetries, monopoles should
have been produced in great numbers and be regularly observed today. However, we
have yet to see one. 2.) Why is the universe so close to flat? Current measurements
that put Ωtotal = 1.06 ± 0.04 (Tegmark et al., 2004). The Friedman equations, how-
ever, dictate that |Ωtotal − 1| = |k|/ȧ2, causing the universe to become less flat as
it decelerates. In order to achieve the level of flatness we see today, we must have
|Ωtotal −1| < O(10−16) during the time of nucleosynthesis, making Ωtotal an extremely
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fine-tuned parameter. 3.) Why does the CMB have a constant temperature? In the
standard big bang paradigm, the CMB is made up of several causally disconnected
regions, so there is no reason for two points on opposite ends of the sky to have similar
temperatures as observed.
A phase of early deSitter expansion, where the scale factor increases by >∼ 60 e-
foldings, solves all of these problems. Monopoles can still be created, but they get
diluted by the rapid expansion. The accelerated expansion both drives the universe
towards flatness and pushes previously causally connected regions to distances that
are larger than the Hubble radius at the epoch when inflation ends and the universe
resumes its decelerating expansion.
An added benefit of inflation is that it acts as a natural method for perturbation
generation. Picturing inflation as being caused by some scalar field, φ, quantum un-
certainties in the exact value of φ causes inflation to behave slightly differently at
different regions of space. Effectively, this magnifies quantum-scale uncertainties to
become tiny variations in the energy distribution of the matter in an otherwise homo-
geneous universe to the point where they become macroscopic density perturbations.
This produces a distribution of inhomogeneities that are free to continue their growth
through gravitational amplification.
2.4 Large Scale Structure
The most recently virialized objects in the universe, massive dark matter halos that
are host to galaxies and galaxy clusters, make up the large scale structure of the
universe. While the study of large scale structure is a broad, active area of research,
in this section I will focus how structure is formed in different dark matter scenarios
and the inner structure of these halos.
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2.4.1 Halo Formation
As discussed in section 2.3.1, an intrinsic velocity dispersion serves to wash out den-
sity perturbations at cluster-mass and lower scales in HDM cosmologies. The first
structures to collapse are high-mass objects that form almost through a monolithic-
like collapse process. Instead of collapsing spherically, these massive perturbations
tend to go non-linear along a single axis first, resulting in a large “Zel’dovich-pancake”
(Zel’Dovich, 1970). The baryons inside such an object will be able to cool through
collisions, causing the pancake to break-up into galaxy sized clumps through a process
known as “top-down” structure formation. Here, larger structures form first and are
older than smaller objects. Simulations show that, in order to reproduce the observed
local galaxy distribution, such a collapse and fragment must have occurred rather re-
cently (White et al., 1983). This produces a large number of galaxies at the present
epoch, but a very sparse number mainly high mass objects at higher redshifts. On
the contrary, galaxies have been observed out to z ∼ 6, while clusters are observed
only out to z ∼ 1.5 (Mullis et al., 2005; Berger et al., 2006)
In contrast, the small perturbations in CDM cosmologies cause structure to form
from the bottom-up, through what is known as hierarchical structure formation. Be-
cause the initial perturbation spectrum is mode-independent and very nearly scale-
free, small and large perturbations will coexist in the same spatial region. In partic-
ular, long-wavelength perturbations creating large, generally overdense regions, will
amplify high k perturbations sitting on this larger mode. These amplified perturba-
tions will go non-linear and collapse first, creating extremely low-mass objects objects
that will form larger structures by merging with each other and accreting from the
surroundings (Davis et al., 1985; Diemand et al., 2005; Gao et al., 2005). The result-
ing distribution of galaxies closely matches what we observe — more massive clusters
are relatively young objects, while galaxies and their halos are present out to high
redshift.
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One additional consequence of the hierarchical process is presence of substructure.
While tidal stripping and other disruption processes will have an important effect,
when smaller halos merge with larger objects their tightly bound cores frequently
survive and orbit as a small halo inside a larger one. Indeed, this abundance of
substructure is readily observed in large halos in simulations, as well as in observations
of the dwarf galaxies in our local group.
While the CDM paradigm has been very successful in explaining the galaxy dis-
tribution, it still has some shortcomings such as the so-called missing substructure
problem for smaller halos. First noted by Moore et al. (1999a), galaxy-sized halos in
simulations have an order of magnitude more substructure than measured in our local
group. One of the first proposed solutions to this problem was the warm dark matter
model, a hybrid CDM/HDM cosmology. Here, the mass/velocity dispersion of the
dark matter particle is tuned such that perturbations below a specified mass scale
are washed out, suppressing the formation of the smallest objects but still allowing
hierarchical formation starting with dwarf-galaxy sized objects. Such models, how-
ever, are heavily constrained by observations of the Ly-α forest. Here, the absorption
spectra of distant quasars are measured as the light passes through neutral hydro-
gen in the intergalactic medium, effectively tracing the dark matter distribution at
z ∼ 2− 4. The most recent results constrain the mass of the dark matter particles to
be > 13keV at the 95% confidence level, creating a free streaming length of roughly 4
kpc (Seljak et al., 2006), well below the resolution limit of the simulations presented
here. The community is slowly coming to the consensus that the missing substruc-
ture problem is solved by so-called “dark-dark halos,” small halos that, for various
reasons, are unable to form stars or keep much of their gas, making them invisible
to most forms of observation except lensing surveys (Shaviv & Dekel, 2003). Even
though the WDM cosmologies discussed in chapter 7 have been confidently ruled out,
we present them as a method to study the importance of mass accretion in setting
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the inner structure of a dark matter halo.
2.4.2 CDM Halos
While I have spent much time discussing the growth of density perturbations and
formation of dark matter halos, I have spent little time actually discussing what the
halos themselves look like. The first simulation to form a halo in a cosmological
simulation was Peebles (1970). This simulation used 300 particles in an attempt to
model the Coma cluster (which, by comparison, has roughly 800 galaxies). This crude
simulation resulted in a virialized structure with a density profile steeper than the
isothermal model, ρ ∝ r−2 expected for a system of collisional gas. As computing
power increased, halos were resolved with more and more particles and the community
began to converge towards a “universal” halo density profile. First proposed by





This can be thought of as either a 1 or 2 parameter fit: rs is the scale radius, while
ρs is the density at that radius. The profile is characterized by an inner density cusp
of ρ ∝ r−1 and outer slope ρ ∝ r−3. The scale radius, rs, is where the profile has the
isothermal slope of r−2. Frequently, the scale factor is re-parameterized as the halo
concentration,
c200 = r200/rs, (2.33)
where r200 is a proxy for the virialized radius of the halo (see section 3.4 and chapter 6).
The higher the concentration, the higher the mean interior density of the halo. This
parameterization is often used because of an argument that the concentration should
correlate to the halo formation epoch. The core of the halo should form through a
period of early accretion. The central density should thereby reflect the background
density of the universe at this epoch, while the outer regions will be accreted later. In
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this way, a higher concentration (core density) should correspond an earlier formation
time because of the higher universal background density at earlier epochs.
While the NFW profile has remained the standard halo density profile since its
initial introduction, there have been a number of conflicts regarding the exact value
of the inner slope. Measurements of steeper slopes at the inner radii by Moore et al.






This profile agrees with the NFW profile at large radii, but has a steeper inner cusp
of r−1.5. The difficulty in measuring the inner slope correctly lies in how finely we
can resolve the inner regions of the numerical halo without having to worry about
relaxation effects (see the chapter 3 and appendix D for a discussion of these effects).
At the present, it looks like at the innermost resolved radii from the most highly
resolved simulations (typically ∼ 1% of r200) that the inner slope is in the range
0.9 − 1.2 (Navarro et al., 2004; Diemand et al., 2007), but the slope at these radii
appears to be getting shallower and it is hard to tell if the slope will actually converge
when higher and higher resolution is used.
The primary reason that the exact value of the inner slope has achieved so much
attention is that this is the only scale that can be reliably compared to observations.
While the few X-ray studies of galaxy clusters that accurately map the density profile
out to large radii generally agree with the NFW form (David et al., 2001), much more
work has been done measuring the rotation curves of low surface brightness (LSB)
galaxies. These galaxies are generally considered to be more dark matter dominated
than their brighter counterparts, making them the best laboratory for measuring the
dark matter density profile. This is typically done through rotation curves which,
unfortunately, can only be measured out to ∼ 5% of r200, giving us a very small
region of overlap. These studies indicate that in this region the density profile seems
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to be constant with radius (Salucci & Burkert, 2000; de Blok et al., 2001; Gentile
et al., 2004), in contradiction with simulations. While there have been a number of
proposed solutions to this problem, such as the idea that the triaxiality of halos at the
innermost radii can create orbits that trace a cored density profile when projected
to two dimensions (Hayashi & Navarro, 2006), it is important to remember that
this inner region is the region most affected by presence of baryons, including stellar
populations and active galactic nuclei, which we have yet to be able to simulate
accurately. It is very likely that this contradiction is simply the result of simulations
failing to account for the relevant physics in this regime.
While much progress has been made in quantifying the dark matter density profile,
studies into the origin of this profile have been met with limited success. Numerous
toy models have been introduced to explain the concentration distribution (Navarro
et al., 1996a; Eke et al., 2001), but they all lack a strong physical motivation. There
have also been a number of studies attempting to connect the real space distribution
with velocity information. Taylor & Navarro (2001) noted that phase space profile
(ρ/σ3) follows a featureless power law. A number of studies have reproduced this
result (Ascasibar et al., 2004; Rasia et al., 2004), but none have been able to present
a physical motivation for the slope or explain why it should be a featureless power-
law. Motivated by the models connecting the distribution function, anisotropy, and
density in Binney & Tremaine (1987), work by Dehnen & McLaughlin (2005) showed
that, assuming a power-law ρ/σ3 profile, families of density profiles resembling NFW
could be derived if one assumed information about the velocity anisotropy through
the Jeans equation. Similarly, Hansen & Stadel (2006) showed that the density profile
and isotropy parameters are tightly coupled in a power law relation. However, instead
of explaining the origin of the density profile, these studies have just reduced it to
equivalent problems. Further discussion of theories of the origin of this profile and
the processes relevant in setting halo structure, as well as my work examining the
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effect that accretion history has on halo structure, appears in chapter 7.
2.5 Cosmological Parameters
While equations (2.5) and (2.7) work well to describe the evolution of the universe,
they are not complete in the sense that, in order to solve for the evolution of a, it
is necessary to specify a number of parameters whose values can only be determined
through observations. While the exact number of parameters needed to sufficiently
describe our universe is still a point of debate, several parameters are universally
agreed upon. First, we must specify Ωm,0 and ΩΛ,0, the energy densities of matter
and dark energy at some specific time. These parameters combine to give the total
energy content and curvature, k, of the universe (radiation will also contribute to the
total energy density, but at an extremely small level that is can be ignored if we are not
concerned with the very early universe). In addition to knowing the amount of dark
energy, we must also characterize its equation of state, w = P/ρ, where w = −1 for a
cosmological constant. We must also specify H0, the value of the Hubble parameter
at that epoch. These parameters are sufficient to solve the Friedman equations and
describe the expansion of the homogeneous universe. However, they are insufficient
for describing the growth of structure, and a few more must be introduced. At
minimum, two parameters are needed to characterize the perturbation spectrum, the
spectral index, n, and the amplitude of perturbations, σ8.
As eluded to above, there have been a number of recent observations that have
put stringent bounds on a number of these parameters. In particular, combined
measurements of the CMB and cluster surveys have but a very tight constraint on the
total energy density of our universe, Ωtot = 1.058
+0.039
−0.041 (Tegmark et al., 2004). Many
cosmologists consider this constraint strong enough to impose the prior k = 0 when
analyzing observational data. When measurements of the recession speeds of distant
supernovae are added, a concordance model begins to emerge with all measurements
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agreeing that the universe has h = 0.72±0.08, Ωm = 0.266+0.026−0.036, and ΩΛ = 0.758+0.035−0.058
(Spergel et al., 2006). Constraints on the dark energy equation of state are much less
precise, but they do appear to be zeroing in on the cosmological constant value,
w = −1, to 10%-20% accuracy (Riess et al., 2004; Angulo et al., 2005). Experiments
to determine the constituents and properties of the universe have come a long way in
the past 80 years since Hubble first postulated the expansion of the universe and no
evidence for dark energy had been observed. These same experiment also puts tight
constraints on the spectral index, n = 0.961 ± 0.017.
For reasons of convention, the normalization of the power spectrum, σ8, is mea-
sured by the average size of a linearly extrapolated density perturbation in a sphere
with radius 8Mpc. The 8Mpc scale was originally selected because early results in-
dicated that σ8 = 1. This parameter is probably best measured through galaxy
surveys, and is one of the most poorly constrained cosmological parameters, primar-
ily because it has such strong degeneracies with a number of other parameters. Recent
observations from a variety of studies using the CMB and lensing surveys measure
σ8 = 0.7− 0.9 (van den Bosch et al., 2005; Van Waerbeke et al., 2005; Spergel et al.,
2006).
Knowing the components of the universe, it is now possible to determine its long-
term fate. As discussed above, even though our universe has Ωm < 1, the presence of
the dark energy closes the universe so k = 0. The equation of the state of the dark
energy, which has recently become the dominant component, however, has caused the
universe to enter a phase of exponential expansion. Assuming that the dark energy
comes from a cosmological constant, the universe will grow to infinite size, isolating all
structures. We must admit, however, that the nature of the dark energy is extremely
uncertain, and it is possible that it consists of some even more exotic substance that




In this chapter I discuss cosmological N-body simulations, the primary tool used
for the research presented in this thesis. As mentioned in the previous chapter, we are
only able to analytically solve the equations of evolution for weak, non-linear density
perturbations. As cosmic inhomogeneities grow, they eventually collapse through a
highly non-linear process that is characterized by the continual accretion of mass
and hierarchical merging of objects in a CDM-dominated universe. These non-linear
structures are the objects that we directly observe in surveys. In order to under-
stand the growth of cosmic structure during these processes, it has been necessary
to resort to computer simulations. Such simulations can be used to both bridge the
gap between theoretical predictions to observations and to study cosmological objects
under idealized conditions that we will never be able to observe. While a number of
techniques have been developed to solve this problem, this chapter will only discuss
the techniques utilized in the dark matter-only simulations presented in this thesis,
which were run using the code Gadget (Springel et al., 2001b; Springel, 2005). For
a more complete description of N-body simulations, including the implementation
of gas dynamics, see the reviews of Hockney & Eastwood (1981) and Bertschinger
(1998).
The idea behind a N-body simulation is to map a continuous density field, ρ(x),
to a discrete set, miδ(x − xi), that is treated as a distribution of interacting point-
particles. Force interactions between the point particles can be calculated directly
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through Newtonian methods. At their most basic, cosmological N-body simulations
consider only gravitational interactions and calculate the force on each particle due







While essentially correct, this is a highly inefficient algorithm since the number of force
calculations for a set of n gravitationally interacting particles scales as O(n2). Because
it is not feasible to scale such computations to large numbers of particles (with the
possible exception of special purpose hardware such as GRAPE, Okumura et al., 1993)
it has been necessary to develop both faster algorithms and parallel techniques. The
idea behind the more advanced algorithms has been to use direct force summation
for nearby particles, but to determine the force from distant collections of particles
using a multipole expansion of the potential (Binney & Tremaine, 1987),
Φ(r, θ, φ) = −4πG
∑
l,m
















This is analogous to the multipole expansion from electrodynamics (Jackson, 1999).
As with the electrostatic expansion, the monopole term (l = 0) approximates the
potential assuming that all mass in the collection is located at the center of mass.
The lack of anything analogous to a negative charge, however, requires that all higher
l terms give smaller contributions, and in particular ensures that the dipole term gives
no contribution. Using the monopole (and potentially quadrapole) approximation for
distant particle collections therefore gives good accuracy at substantially reduced
computational cost.
N-body simulations have a long history, first being employed in a very creative
way by Holmberg (1941). He noted that the intensity of light also decreased like 1/r2
and used a setup of 37 light bulbs and photometers to calculate the dynamics of two
interacting nebulae. This was, of course, before powerful computers were invented.
Computer simulations were first applied to a cosmological setting by Peebles (1970).
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This work used a simulation of 300 particles to show that gravitational interactions
alone could be responsible for generating a galaxy distribution similar to that of the
Coma cluster.
While the first simulations traced the evolution of hundreds of particles, current
simulations have pushed the number to the 1010 level, allowing us to accurately
resolve both the large distribution of halos and their inner structure. Examples
of the large and small-scale density fields from high resolution simulations can be
seen in Figures 3.1 and 3.2. Figure 3.1 shows the z = 0 output of the Millennium
simulation, a 500h−1Mpc simulations involving 1010 dark matter particles Springel
et al. (2005). Such a large volume was needed in order to resolve the progenitors
to high redshift quasars, rare objects that form out of many-σ perturbations of the
density field with z = 6 masses around ∼ 1012h−1M⊙ and comoving space density
∼ 10−9h3Mpc−3. Figure 3.2, on the other hand, shows a simulation that tracked the
evolution of a single, Milky Way sized halo with as much resolution as possible. The
high resolution was needed to trace the evolution of substructure so that estimates
of the dark matter annihilation rates in our galaxy can be made (Diemand et al.,
2007). Here, a single halo with about 10,000 subhalos is simulated with more than
2 × 108 particles. These two simulations represent two very different ways to use
modern techniques to explore the dynamical ranges made available by very large
N-body simulations. The simulations for this thesis will concentrate more on an
intermediate range, resolving halos with 103 − 106 particles in boxes of moderate
size (50 − 250h−1Mpc). Using such simulations we will be able to study many of
the structural properties of the more common massive also with z = 0 masses ∼
1014h−1M⊙.
As an additional note, I would also like to point out that cosmological N-body
simulations differ from many other types of astrophysical N-body simulations in their
use of periodic boundary conditions in an attempt to simulate an infinite universe (or
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Figure 3.1. The dark matter density field from the Millennium Simulation, a 1010 particle N-Body
simulation, the largest to date. Image Credit: Springel et al. (2005)
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Figure 3.2. The dark matter distribution around a Milky Way-sized halo with M200 = 1.8×1012M⊙
and over 10,000 identified subhalos. The image size is 800 × 600h−1kpc. Image Credit: Diemand
et al. (2007).
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at least one that is many times larger than the computational volume). While this
is a standard process for many types of simulations, the cosmological context does
create some additional complications. In particular, using the standard method of
generating initial conditions discussed here, if the simulation box size is too small,
perturbations of the scale of the box or larger are ignored, causing the simulation to
model a slightly different power spectrum than intended. It is possible for this to
affect the mass function at the few percent level (Bagla & Ray, 2005). In practice,
the simulation volume should always have box length l >∼ 40 h−1Mpc when simulating
a region to z = 0. However, new methods of generating initial conditions are being
developed that have to potential to correct this problem. Such methods are beyond
the scope of this thesis, and the reader should see Pen (1997) and Sirko (2005) for a
discussion.
3.1 N-body Techniques and Algorithms
In this section we discuss many aspects of the algorithms used in Gadget to speed up
and increase the accuracy of force calculations. In particular, we will address force
softening, time integration, and the Tree and PM methods for avoiding costly 1/r2
calculations when computing the forces acting on particles.
3.1.1 Force Softening
The first complication that needs to be addressed when implementing a N-body
simulation is the effect that the discreteness has on a particle distribution. Because
we model the density field as point-particles, it is possible for hard collisions to occur
when two particles pass extremely close to each other, an encounter that results
in unreasonably large forces and transfers of energy. Such a process is known as
numerical relaxation and will artificially eject particles out of high density regions.







Here, tcross and R are the crossing time and size of the system, while bmin = GM/v
2 is
the gravitational radius of the system. This can be combatted rather inefficiently by
increasing the mass resolution, since trelax ∝ N . A better solution is to use a softened
potential, such as the spline potential (Monaghan & Lattanzio, 1985; Springel et al.,
















































































Here, ǫ is a softening length that prevents hard encounters whenever |xi − xj | < ǫ
but does not affect the potential at larger distances. While particles can still pass
infinitely close to each other, the gravitational potential cannot arbitrarily large. The
consequence of this modification is that you cannot trust the simulation results at
scales below the softening length (Power et al., 2003). While there is no universal
“best” value for ǫ, the softening does set a gravitational acceleration threshold above
which the simulation will not be resolved. Overdense regions should be converged as
long as they obey the constraint
a(r) = GM(r)/r2 <∼ aǫ = V 2200/ǫ, (3.5)
where V200 is the gravitational velocity of the halo. At higher densities, the softening
will cause structures to be somewhat washed-out. The softening length cannot be
arbitrarily lowered beyond the mass resolution for two particles in a binary orbit,
however, and can be best set using the minimum number of particles with which you
want to resolve a single halo.
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3.1.2 Time Integration
When simulating cosmological scales, it is standard to use Newtonian dynamics in a
comoving reference. Particle positions are determined by calculating the Newtonian
forces acting on the distribution and advancing the particles by some timestep, ∆t.









+ Hv = g (3.7)
∇ · g = −4πGa [ρ(x, t) − ρ̄(t)] . (3.8)
In this frame, nuances like the Hubble drag are automatically accounted for. Cosmo-
logical information, such as Ω, is used to determine the evolution of the scale factor,
a, independently of the particle dynamics.
In order to accurately integrate equations (3.6) - (3.8) Gadget uses a symplectic
leapfrog integrator known as the kick-drift-kick (KDK) scheme. This scheme preserves
the Hamiltonian of the system. Noting that the Hamiltonian can be divided into
kinetic and potential contributions, we define the kick and drift operations to update





























a particle is kicked, the full potential of the particle must be calculated while this
information is not necessary for a drift. The actual time integration is done using
a Runga-Kutta method. When advancing a particle by a time step ∆t we advance














For such an integration scheme, errors in the Hamiltonian will typically grow like
O(∆t2) (Saha & Tremaine, 1992) and tests of integrating circular orbits show a
surprisingly higher degree of stability than a similar DKD (or a non-symmetric KD
or DK) scheme.
Because local densities for particles at any given time in a cosmological simula-
tions particles will vary widely, computations can be substantially sped by the use
of adaptive time-steps (Duncan et al., 1998). The size of a drift time step is set by
∆ti ∝ 1/
√
|ai|, where ai is the acceleration of particle i at the preceding time step.
In this way, particles in higher density regions (where trajectories will be much more
chaotic) are integrated more accurately than those in lower density regions. This
works well with the KDK scheme because kicks for particles with larger timesteps
will be done simultaneously with the particles having shorter timesteps, minimizing
the number of times the full potential field needs to be calculated. This is not the
case for the DKD scheme.
3.1.3 The Tree Method
The tree algorithm is a method for speeding up the force calculation by using a direct
summation for neighboring particles and opting for a multipole expansion when deter-
mining the force contribution from more distant regions. Particles are arranged into
hierarchical cells by subdividing space into cubes and storing the total mass content
and center of mass (i.e., the information needed for a monopole approximation) for
each cube. As an example of this process, consider the 2-dimensional representation
in the top-right of figure 3.3. Space is first divided into 4 equal squares which we
now refer to as cells. The total mass and center of mass of all particles in each cell is
stored in a tree and the cells are then subdivided into 4 new cells and so on until the
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smallest cells contains only a single particle (of course, for a 3 dimensional tree each
subdivision creates 8 new cells). Now, when calculating the force on a particle, you
“walk” the tree instead of looping through all other particles. After picking a particle
and specifying an opening criteria, consider with the topmost cell. If the cell satisfies
the opening criteria (which the top-most cell, containing all particles, always will) the
cell is “opened” and you apply this criteria to each of the new, smaller cells. Once
you reach a cell that fails the opening criteria, you calculate that cells contribution





In principle, you can achieve higher accuracy for a more stringent opening crite-
ria by storing higher moments of the gravitational field, but in practice there is no
improvement in speed.









Here, l is the side length of the cell being considered, r the distance from the particle
to the center of mass of the cell, M the mass inside the cell, and a the acceleration of
the particle at the last timestep. The form of this criteria is motivated by geometry.
The magnitude of the acceleration, |a| is dimensionally equivalent to GMcell/r2i,cell,
which we can think of as the contribution of the cell to the particles acceleration.







where θ is subtended angle between the particle and the sides of the cell. Thus, α is
equivalent to specifying a critical angle, above which a cell will be opened. Using this
scheme, massive cells at short distances are preferentially opened and α can be tuned
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Figure 3.3. Top Panel: The decomposition of a 2-dimensional domain into squares for the con-
struction of a force tree. Bottom Panel: How the tree in the top panel is split during parallelization.
The left shows the space filling Peano-Hilbert curve with the o’s along the curve representing the
locations where the curve is cut for decomposition purposes. The boxes on the right show the tree
information stored on two specific processors. Image Credit: Springel (2005).
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to give an optimal speed/accuracy ratio. Because a 1/r2 computation is not done for
every pair of particles in this scheme, the tree algorithm scales like O(N log N). As
discussed in section 3.2, this force-tree is also extremely conducive to parallelization
because each processor will not need to store the entire force tree.
3.1.4 The PM and TreePM methods
An alternative method for force computation is the Particle-Mesh (PM) method.
In this method, computations are done in Fourier space, utilizing the very efficient
parallel FFT codes that are publicly available. First, the density field is projected
onto a grid, giving us the density field at a set of discrete points, ρ(xi,j,k). The discrete
Fourier Transform of this field, ρk, is then calculated, which can be used to easily




An Inverse Fourier Transform is then calculated to return φ(x) on a grid, which
can be interpolated to give the potential for every simulation particle. This method
has several advantages — it is very fast and the nature of the Fourier Transform
automatically assumes periodic boundary conditions, something that is much more
difficult to implement with a tree method. However, the accuracy of the potential is
limited by the size of the grid used, which is in turn limited by the mean interparticle
spacing. While the tree method is adaptive in that it does more 1/r2 calculations
for highly clustered particles, the PM method does the same calculation for every
particle, regardless of whether the particle is in a void or a cluster.
In order to utilize both the adaptability of the tree and speed of the PM meth-
ods, GADGET-2 employs a hybrid Tree-PM approach by splitting φk into long and




k . The long range contribution is calculated
using the PM method, typically using a grid with resolution 4 times the interparticle
spacing. The short range contribution, on the other hand, is calculated using a tree
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walk. Splitting the potential this way, we are able to rapidly calculate the long range
contribution using the PM method but the use of the tree method for shorter ranges,
giving a substantial improvement in accuracy by allowing deep tree-walks for parti-
cles in highly clustered regions. Other hybridizations of PM and direct summation
methods are possible, such as the P3M method. See the review of Bertschinger (1998)
for further details.
3.2 Parallelization
While the algorithms discussed above substantially speed the computation, simula-
tions still scale roughly as O(N log N), and something must still be done to continue
pushing to higher and higher N . The amount of memory in a computer still places
an additional limit simulation size. At any given time during the simulation at least
the output data, consisting of the positions and velocities of each particle as well as
index identifying the particle, must be stored in memory. This adds up to 32 bytes
of data per particle. For a 1010 particle simulation, that translates to 298 Gigabytes
just to read in the data. Even the more modest simulations presented here, with 2563
particles, use roughly half a gigabyte of memory to store all data, leaving little room
for additional calculations (such as the density fields, trees, particle accelerations, ...).
On todays computers that have 1− 2 gigabytes of addressable memory per processor
(although 4 − 8 gigs is becoming more common thanks to 64-bit processors), this
places a heavy constraint. Not only does parallel computing allow simulations to
run faster by performing multiple calculations simultaneously, for the most advanced
simulations parallelization is needed to be able to run the simulation at all.
Because N-body simulations consist of particles distributed in real space, paral-
lelization can be done in a relatively straightforward manner. Space is divided into
Np domains where Np is equal the number of available processors. The computa-
tional volume is thus decomposed and each processor then works on one (or more)
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of the domains, communicating with other processors only when it needs to transfer
tree or density grid information. The primary bottleneck in this process occurs when
one processor needs to communicate with another. In order to minimize the num-
ber of necessary communications, GADGET does the domain decomposition using
a Peano-Hilbert space filling curve. If a d-dimensional cubic region is divided into
2md sub-cubes, a Peano-Hilbert curve of degree m will pass through every sub-cube
with the remarkable property that, if the curve is cut at any point, the cubes are di-
vided into regions with a relatively low area/volume ratio. Examples of Peano-Hilbert
curves in 2 and 3 dimensions are shown in Figure 3.4.
To do the domain decomposition, all particles are matched to a point along a curve
with degree m, creating an ordered series of cubes of length 1/2m times the simulation
box length. The actual decomposition is then done by cutting the curve into Np
segments such that each segment contains roughly an equal number of particles. The
particles on each segment are then mapped to a specific processor. Such a scheme
allows the domain decomposition to match up with the specific leaves of the force-tree
calculated earlier, as demonstrated in the bottom right of Figure 3.3. Each processor
stores the full tree for all particles residing in its computational domain as well as the
top-most level of the trees for particles on all other processors. This is demonstrated
schematically in the bottom left Figure 3.3. In this way, during the tree-walk for a
particular particle, much of the information concerning distant particle distributions
is readily accessible without communicating with other processors.
3.3 Generating Initial Conditions
Initial conditions for cosmological N-body simulations are generated using an in-
put power spectrum and the Zel’dovich approximation. We begin with a primordial
power-law power spectrum, Pprim(k), the kind expected to be generated by infla-
tion. In the pre-recombination epoch (the first ∼ 300, 000 years), photons have an
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Figure 3.4. Examples of Peano-Hilbert curves of various degrees in two and three dimensions.
Image Credit: Springel (2005)
extremely short mean free path due to the ionization of the baryons. This causes a
coupling of photons, dark matter, and baryons that will alter the power spectrum.
After recombination, photons and baryons become uncoupled, and perturbations are
allowed to grow as discussed in section 2.2. The “processed” power spectrum after
recombination can then be given by
P (k) = Akn|T (k)|2. (3.16)
Here, Akn = Pprim(k), the primordial power spectrum (frequently measured from
the CMB, A = σ8Ω
0.6
m ), and T (k) is the transfer function. This function contains
information on a wealth of relevant physical processes that affect the growth of inho-
mogeneities through recombination on both sub and super-horizon scales during the
radiation and matter dominated epochs. The full transfer function is highly complex
and depends very sensitively on the cosmology. It is generally calculated using one of
a number of publicly available codes, the most popular of which is CMBFAST (Seljak
& Zaldarriaga, 1996).
Once the power spectrum has been evolved to the starting redshift of the simu-
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lation, the Zel’dovich approximation is used to generate a particle distribution with
the desired spectrum (Zel’Dovich, 1970; Doroshkevich et al., 1980). First, an initial
particle distribution with a constant potential is generated. This can either be a
regular grid, or a random glass distribution. A glass is generated by laying down par-
ticles with a uniform random distribution and using this as the initial condition for
an N-body simulation run with the sign of G, the gravitational constant, reversed (so
that gravity repels instead of attracts) until the particles reach a stable configuration.
Now, we make the assumption that once a particle is given an initial displacement,
determined by some time-independent displacement field f(x), it will continue to
evolve (during the era of linear perturbations) in the same direction, similar to the
effects of the Hubble flow. This displacement field dictates the distribution of the
perturbation field,
δ(x) = −D(a)∇ · f(x). (3.17)
Since the expectation value for δk is given by the power spectrum, the displacement
filed, f(x), can be readily calculated from equation (3.17) by working in Fourier
space. Once the initial displacement field has been calculated, the actual position
and velocity displacement are then given by f(x) and the growth function, D(t),





where x0 represents the unperturbed particle position. Once these displacements
have been made, the particle distribution for the starting redshift of the simulation
has been calculated and the simulation is ready to begin.
3.4 Finding Dark Matter Halos
Since this dissertation concentrates on the properties of dark matter halos it is nec-
essary to discuss the algorithm for extracting halos from a simulation. This process
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of groupfinding is less of a science and more of an art. Indeed, because of continuous
mass accretion, even the question of exactly how one defines a halo and its boundary
is more subtle than it first appears. Two standard methods have emerged as methods
for identifying and defining halos, friends-of-friends (FOF) and spherical overdensity
(SO).
The FOF, or percolation, method works by identifying particles close to each other
in real space. Starting with a single particle and a linking length, l, it is grouped
with all particles that have separation r < l, i.e., the “neighbors” or “friends” of this
particle. This procedure is repeated on all of the friends, which are in turn added to
the original group until all other simulation particles have r > l for every member
of the group. This collection of particles is known as the FOF halo. The center of
the halo is then typically chosen to coincide with the particle in the group with the
highest binding energy. The linking length, l, is usually set to be some parameter b
times the mean interparticle spacing. Using this definition, b selects particles within a
non-isodensity contour with threshold independent of the simulation mass resolution.
In this thesis, we normally take b = 0.15 (which selects objects with mean density
roughly 296ρ̄ = 89ρcrit at a = 1 in a concordance model universe), although larger
values of 0.164 and 0.2 are also common. The selection of b is important because a
value that is too low will exclude many gravitationally bound objects, while a value
that is too large will regularly connect distinct halos with kinematically distinct
populations.
The SO method, in contrast, requires that halo boundaries be spherical and works
by identifying peaks in the density field. First the density field is smoothed and the
largest peak identified. Working outward, the closest particles are added until the
mean spherical overdensity of the object drops below some threshold value, typically
200ρcrit, 180ρ̄, or ∆(z)ρcrit, where ∆ is a value that depends on the redshift motivated
by the spherical collapse model (Eke et al., 1996). This method, however, also has
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difficulty in dealing with mergers, in particular the question of do you allow halos
to overlap (i.e., can a particle exist in more than one halo)? Unfortunately, there is
no standard convention and no particularly well motivated method for dealing with
these issues. In practice, with the exception of merging halos, both the FOF and SO
groupfinders are robust enough that they pick out nearly identical halo distributions.
Along with multiple methods for finding halos, there are also a number of mass
conventions. Starting with the FOF method, the natural mass value is MFOF , the
mass of all particles in the FOF group. Using either method, spherical overdensity
values, such as M200, the mass of a spherical object with overdensity 200ρcrit can be
calculated. For the SO group finder, this number naturally falls out of the groupfind-
ing process. For the FOF groupfinder, however, one must do some post-processing
and measure the spherical overdensity around the center of the FOF halo. As men-
tioned above, there are a number of different overdensity conventions for defining the
mass of a halo, such as M200, Mvir (defined by the threshold ∆(z)ρcrit) and M180,b.
For this thesis we primarily use M200. See chapter 6 for a more through discussion of
these mass definitions.
3.4.1 Subhalos
As noted in section 2.3.1, halo growth in a CDM universe is characterized by hierar-
chical accretion. When a small halo merges with a larger halo, the accreted halo is
disrupted by tidal forces and close encounters with the core of the host halo, but is
typically not destroyed entirely. The stripping processes are proficient at removing
the more loosely-bound outer particles of the accreted halo but generally leave the
tightly bound core in tact. This remnant then orbits the main halo as a highly cor-
related lump of particles with high density and low velocity dispersion and is known
as a subhalo.
While finding dark matter halos is a somewhat artful process, locating their sub-
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halos is even more so. The community has yet to reach a consensus with regards to
standard methods or procedures, and a whole host of algorithms, range from a hier-
archical FOF to density-peak finding within a larger halo, have been developed. The
algorithm used in this work is known as SUBFIND (Springel et al., 2001a). The routine
locates a FOF halo and finds groups of bound material surrounding a density peak
within the halo. The algorithm proceeds as follows. First, a local density estimate is
made for every FOF particle in the halo. Working in order of decreasing density, we
consider the Nngb particles closest to particle i. If particle j, one of the surrounding
particles, has a higher local density then i does, i is added to j’s group. If there are
no higher-density particles around i, then i itself considered to be a new subgroup (in
this way the algorithm works so that j will necessarily be a part of a group if j has a
higher density than i). If there are two or more particles with higher densities then
the two particles with the highest densities, j and k, are considered. If j and k are in
the same group, i is added to that group. If they are in different groups, a new group
is created by joining the groups containing j and k and adding particle i, which we
now call a saddle point. The two original groups, however, are not removed.
At this point, the algorithm has generated a list of subgroups by looking for peaks
and saddle points in the density field. In order for these to be considered subhalo
we now account for energy considerations. The potential energy for all particles in
the subgroup is calculated, and any particle with a higher kinetic energy (relative to
the center of mass velocity of the subgroup) is removed from the group. The process
is then iterated until every particle in the subgroup is bound, and the resulting
distribution is considered to be a subhalo.
When dealing with saddle points, some extra care is taken. If two groups were
joined, the two smaller (unjoined) groups are considered first, and only if one of
those groups becomes entirely unbound do we consider the union of the groups.
In particular, this is necessary because SUBFIND treats the background host halo no
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differently from any of the subhalos. If the binding criteria of the smaller halos was
not considered first, the algorithm would tend to identify only a single halo — that
of the material bound to the FOF group. In this way it is actually possible to have
a full hierarchy or structure — subhalos can have their own subhalos and so on.
It is also important to note that in some situations, such as the far future, the
FOF algorithm will include unbound material. When SUBFIND is run on such a halo
it makes sure that each identified subhalo is bound, but there is no guarantee that
each subhalo is genuinely bound to the host halo and is not itself a distinct halo. It
is therefore necessary to check all subhalos identified by SUBFIND to make sure that
they are bound to the host halo in such situations.
CHAPTER 4
Asymptotic Halo Structure
As discussed in the introductory chapters, the past several years have witnessed
an impressive solidification of our estimates for the basic cosmological parameters. In
this newly consolidated cosmological model, the most unexpected property is the large
(apparent) energy density in the form of dark vacuum energy. The substantial value
of Ωv,0 = 0.7 produces a correspondingly large effect on past cosmological evolution.
In particular, the age of the universe is somewhat longer than in a flat cosmology
with no vacuum energy and more consistent with other age indicators (e.g., Carroll
et al., 1992). But, by far, the most striking consequence of this vacuum energy lies
in our cosmological future.
If the universe is already starting to accelerate, as indicated by the observation-
ally implied value Ωv,0 = 0.7, then structure formation is virtually finished. In the
relatively near future, the universe will approach a state of exponential expansion and
growing cosmological perturbations will freeze out on all scales. Existing structures
will grow isolated. In the face of such desolation, we would like to know more quan-
titatively the conditions required for the formation (collapse) of future cosmological
structures and the conditions required for small bodies to remain bound to existing
structures. We would also like to know the asymptotic form of the existing cosmo-
logical structures, in particular the dark matter halos. By answering these questions,




Given the relatively well constrained parameters of our universe, the future evo-
lution of cosmological structure can now be predicted with some confidence for a
variety of dark energy models. Indeed, several recent papers have begun to explore
this issue. Possible future effects of vacuum energy density were outlined in a re-
cent review of our cosmic future (Adams & Laughlin, 1997, hereafter AL97). As
the universe accelerates, currently visible galaxies are redshifted out of view and will
become inaccessible to future astronomers (Loeb, 2002). Simulations of future struc-
ture formation have been done for the case of a cosmological constant with a focus
on our local portion of the universe (Nagamine & Loeb, 2003). Similar issues have
been explored semi-analytically, including basic effects of quintessence (Chiueh & He,
2002; Gudmundsson & Björnsson, 2002). A comprehensive list of papers related to
the future evolution of the universe is compiled in Cirkovic (2003).
In this chapter, we consider the future evolution of structure formation with a con-
stant density of dark vacuum energy. We extend previous work by deriving analytic
estimates for the conditions required for the collapse of structures, and by analyz-
ing the results from a suite of numerical simulations of future structure formation.
The future evolution of cosmic structure can be viewed in two related ways. The
traditional approach considers whether or not a given region of the universe with
overdensity δ0 ≡ (ρ − 〈ρ〉)/〈ρ〉 will collapse. Given the strong suppression of future
structure formation, however, relatively little will happen in terms of new formation.
A related question is to ask whether or not test bodies will remain bound to existing
structures. This issue operates on a wide range of spatial and mass scales: Will the
local group remain bound to the Virgo cluster? Will a satellite dwarf galaxy remain
bound to the Milky Way? What bodies would remain bound to an isolated star in
the face of accelerated expansion? This chapter develops both approaches — ana-
lytically in §4.1 and numerically in §4.2 — and elucidates the relationship between
them. Our numerical simulations also show that the density profiles of dark matter
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halos approach a nearly universal form. Every dark matter halo grows asymptotically
isolated and becomes the center of its own island universe; each of these regions of
space-time then approaches a universal geometry. In §4.3, we determine the sphere
of influence of existing structures and find the future time at which they grow cosmo-
logically isolated. Next, we consider the implications of cosmic acceleration for the
background radiation fields, suppression of particle annihilation, and the long term
geometry of space-time. Because the equation of state of the dark vacuum energy is
not completely determined, we generalize these results (in Appendix A) to consider
dark energy that varies with time (equivalently, the scale factor).
4.1 Analytic Descriptions Of Structure Formation
Before performing detailed numerical simulations of future structure formation, it
is useful to develop simple analytical estimates. Such results have been developed
previously to account for past structure formation in an accelerating universe (see
especially Lokas & Hoffman, 2001). While most past work has emphasized the evo-
lution of structure up to the present epoch, we focus here on its evolution into the
future. Throughout this treatment, we assume a spatially flat universe, which at the
present epoch has Ωm,0 = 0.3 and Ωv,0 = 0.7 (Ωm,0 + Ωv,0 = 1). In the future, the
values of Ωm and Ωv vary, but their sum continues to equal unity.
4.1.1 Collapse of overdense regions
The evolution of a given region of the universe is described by an energy equation.








H2r2Ωv,0 = E , (4.1)












This set of equations implicitly assumes that ṙ = H0r0, i.e., that the particles are
traveling along with the unperturbed Hubble flow at the present epoch. Later in
this section, we generalize this analysis to consider the case in which particles have
already slowed down relative to the Hubble flow due to the past action of gravity.
If we define the dimensionless variable ξ ≡ r/r0 and the dimensionless time τ ≡









(1 + δ0) + Ωv,0(ξ
2 − 1) . (4.3)
If a cosmological structure is slated to collapse in the future, then the effective velocity
(the time derivative of ξ) must change sign, which requires the right hand side of the











(1 + δ0) = 0 . (4.4)
For a given (flat) cosmology (a given value of Ωm,0, which in turn specifies Ωv,0 =


















The minimum overdensity δ0 occurs when the above constraint is saturated (i.e., at
equality). For a given value of Ωm,0, the vacuum energy density Ωv,0 = 1 − Ωm,0 is
specified, and the equation has a given root. For the currently favored cosmological
model with Ωm,0 = 0.3, the root occurs for δ0 = 17.6.
4.1.2 Criterion for being bound to existing structures
A related issue is to ask whether a small mass or test particle will be bound to
currently existing cosmological structures. To carry out this calculation, we consider
an existing object of mass Mobj, which could be (the dark matter halo encompassing)
a galaxy or a cluster of galaxies. We then ask whether test particles — much smaller
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structures exterior to the system — will be bound to Mobj or not. The test particles
start with a radial distance r0 at the present epoch. For simplicity, we assume that the
distance r0 is much larger than the size of the collapsed object so that the potential
of a point mass provides a good approximation.
The calculation is analogous to that of the previous section, with the mass of the
potentially collapsing system replaced by the mass Mobj of the pre-existing structure.










2 − 1) , (4.6)






The parameter β thus measures the effective “strength” of the galaxy or cluster. The
requirement that equation (4.6) have a turnaround point leads, as before, to a cubic
constraint, which now takes the form
Ωv,0ξ
3 − βξ + (Ωm,0 + β) = 0 , (4.8)




2 Ωv,0 . (4.9)
The minimum value of the strength parameter occurs when the equality is saturated
and we denote the corresponding value of β by β⋆. Solving equation (4.9), we find
the value β⋆ ≈ 5.3. We can thus determine the condition that must be met in order
for a test body to remain bound to an object of mass Mobj, i.e.,
2GMobj ≥ β⋆H20r30 . (4.10)











where we have defined h70 ≡ H0/(70 km s−1 Mpc−1).
As an immediate application of the above result (equation [4.11]), we can deter-
mine whether or not the Milky Way (Local Group) will remain bound to the Virgo
cluster in our cosmological future. The mass of Virgo is estimated to be MVirgo =
5×1013−1014 M⊙ and its current distance from the Milky Way is about r0 = 16 Mpc
(e.g., Jacoby et al., 1992). The requirement specified by equation (4.11) is not met
— the mass falls short by a factor of 100 — so that the Milky Way is not destined
to be bound to Virgo. This result is verified by numerical simulations (see §4.1 and
Nagamine & Loeb, 2003).
Equation (4.11) thus defines an effective sphere of influence for any given astro-
nomical object — when considered as isolated in a background universe dominated by
a cosmological constant. For our Milky Way galaxy, this sphere has radius r0 ≈ 0.7
Mpc. For an isolated star (i.e., a free-floating star not associated with a galaxy),
with typical stellar mass M∗ = 0.5 M⊙, the sphere of influence has size r0 ≈ 55 pc.
This size scale suggests that isolated binary star systems can remain safely bound.
Although isolated pairs of galaxies can also remain gravitational bound, they live
much closer to the brink of instability.
The above analysis finds the sphere of gravitational influence for test bodies that
are moving along with the Hubble flow at the present epoch. However, due to the
past evolution of the universe, bodies that are now outside galaxies (or clusters) can
be slowed down relative to the Hubble flow due to the action of gravity in the past. In
particular, the particles simulated in N-body simulations can be slowed down relative
to the Hubble flow. To include this effect in the analysis, we modify equation (4.6)










2 − 1) , (4.12)
where the constant A represents the fact that the test particles have been slowed down
relative to the Hubble flow (and rest of the quantities are the same as in equation
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[4.6]). The value A = 1 corresponds to particles moving with the Hubble flow, so
that particles that have been slowed will have A < 1. The case A = 0 provides a
benchmark, where test bodies have zero velocity (are turning around) at the present
epoch.
The requirement that equation (4.12) have a turnaround solution implies a mod-
ified form of equation (4.9), namely,




By solving the above cubic for a given A when the inequality is saturated, we find
the root β⋆(A) that can be used to define the sphere of influence of a given cluster
or galaxy according to equation (4.10). For the benchmark case, A = 0, the root
β⋆ ≈ 1.1, and hence the effective sphere of influence is larger than the previous case
by a factor of 1.7.
In the following section, we compare these analytic predictions to the results of
numerical simulations. If we insert test bodies at the present epoch — at rest with
respect to the Hubble flow — then the sphere of gravitational influence of existing
structures is described accurately by equation (4.11). In addition, although mass
particles that begin at rest (with respect to the Hubble flow) in the distant past are
slowed down and have values A < 1 at the present epoch, the prediction of equation
(4.11) works respectably well (see the following section).
4.2 Numerical Simulations Of Structure Formation
To evaluate the analytic results of the previous section, particularly equation (4.11)
defining the gravitational sphere for influence for an object of mass M , we have
run a series of numerical simulations of the evolution of structure in a Λ-dominated
universe into the future. All simulations were run using the GADGET code (Springel
et al., 2001b)1 on a parallel computer cluster at Michigan’s Center for Advanced
1http://www.MPA-Garching.MPG.DE/gadget/
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Computing. A flat ΛCDM model is assumed, with matter density Ωm,0 = 0.3, power
spectrum normalization σ8 = 1.0, and h = 0.7, where the Hubble parameter H0 =
100h km s−1 Mpc−1. The simulations followed the evolution of a 256.48 h−1Mpc
region with 1283 dark matter particles of mass 6.70 × 1011h−1M⊙, starting from
a = 0.0458 (z = 20.8), through the present, and forward to a = 100. A gravitational
force softening of 200h−1kpc (in physical units) was used throughout the computation.
In addition to the simulation described above, which was evolved to a=100, we
performed a similar simulation that evolved the a = 1 configuration forward with an
added set of initially stationary test particles. In this run, 96 particles were placed in
a spherically symmetric fashion around the centers of 19 dark matter halos. In each
case, they were placed at rest on one of 12 concentric spheres centered at the most
bound position of the selected group. This simulation was also evolved to a = 100.
The top two panels of Figure 4.1 show structure in a fixed comoving region 128
h−1 Mpc wide by 25 h−1 Mpc deep at (a) the present epoch and (b) a = 100. The
large-scale pattern of the cosmic web is well established by a = 1 and evolves little
thereafter (as emphasized by Nagamine & Loeb, 2003). Clusters of fixed physical size
shrink as 1/a in the comoving frame, so the halo population effectively condenses into
a sea of “droplets” embedded in the frozen linear modes that define the filaments,
walls, and voids that characterize the cosmic structure today.
Panels (c) and (d) change perspective by showing how the physical region of panel
(a) appears at a = 11 and a = 100, respectively. The physical separation between
bound structures grows exponentially in time during the deSitter expansion phase of
the dark energy dominated era. The future is increasingly lonely.
Figure 4.1 depicts the structure of the universe in terms of co-moving coordinates
and physical coordinates. In both cases, however, these points of view are those of an
omniscient observer. Any real observer must look back in time and will see distant
galaxies as they appeared before they left the observer-dependent event horizon. As
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a result, cosmic structure will continue to appear clumpy on large scales. No galaxy
will actually disappear completely, but rather will continue to redshift, much like if
it were falling into a black hole. The time scale for this redshift effect is the e-folding
time for the expansion (about 17 Gyr – see §4.3). Strictly speaking, future observers
would still be able to see the Virgo cluster, although it would grow fainter and more
redshifted. Our own bound region thus becomes isolated in the sense that one could
not actually go to “nearby” regions such as Virgo, but we would still be able to “see”
such regions because of the look-back effect. Notice, however, that the redshift effect
is rather severe: Optical photons will be redshifted to become larger than the radius
of Earth, e.g., in “only” about 30 e-foldings of the cosmic scale factor (about 500 Gyr
from now).
To compute the size of a bound halo — its gravitational sphere of influence defined
in the previous section — we identify the smallest radius at which the local mean
radial velocity is significantly larger than zero. We measure such sizes using two
different tracers: the simulation particles themselves or the test particles of the second
simulation. Since the latter are embedded at rest at a = 1, their future evolution
should better follow, within the limits provided by a monopole description of gravity,
the prediction of equation (4.11) which assumes a pure, spherical Hubble flow.
Measurements of the gravitational sphere of influence are shown in Figure 4.2.
Note that the relevant mass is the mass within the sphere of influence at the present
epoch; this is typically a factor of 2–3 larger than M200. The relation between this
mass and its sphere of influence for test particles placed in the simulation at rest at
a = 0, shown as stars, is in excellent agreement with the predictions of equation (4.11),
shown as the lower line in the figure. Values for the simulation particles, shown as
open squares, are slightly larger (by about 10%) because radial infall in the weakly
non-linear regime reduces the kinetic energy associated with Hubble flow. These sizes
are bounded from above by the modified relation, equation (4.12), with A = 0, shown
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Figure 4.1. Evolution of structure in a Λ-dominated universe. Panels a) and b) show snapshots of
a comoving region of the universe 128 h−1 Mpc on a side and 25 h−1 Mpc thick today (a = 1) and
at cosmic age 91.5 Gyr in the future (a = 100), respectively. Panels c) and d) show regions of the
same physical size as that shown in panel a) at epochs a = 11 and a = 100, respectively. The box
in panel a) locates the region shown in b), and the box in panel c) locates the region shown in d).
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Figure 4.2. Gravitational sphere of influence of a cosmological object as a function of the mass
enclosed within the sphere of influence at a=1. The lower solid line marks the analytic prediction
for objects starting at rest with respect to the Hubble flow (equation [4.11]); the upper dashed line
marks the analytic prediction for objects that are at rest relative to the cluster at the present epoch
(i.e., objects that are marginally separated from the Hubble flow — see equation [4.12]). These
analytic predictions are compared with simulations, both for cluster particles (open squares) and
for the test particles placed in the simulation at rest (stars).
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Figure 4.3. Radial velocity relative to the cluster center as a function of distance for particles in
the largest halo at the epochs indicated. The upper panel shows all matter while the lower panel
shows only those particles that lie within 2.5r200 at a = 1.
60
as the upper dashed line in the figure.
4.2.1 Halo Phase-space Structure
In the far future, the character of halos’ radial phase-space structure is markedly
different from that of today. The upper row of Figure 4.3 shows the radial velocity
pattern of the most massive halo at a = 1, 11 and 100. The halo identified at present
remains the most massive at all future times. At each epoch, lengths are expressed
in units of r200, the radius within which the mean enclosed density is 200 times
the critical value. Physical velocities are expressed in units of v200 =
√
GM200/r200,
where M200 is the mass within r200. The halo’s physical size grows from M200 =
1.08 × 1015h−1M⊙ at a = 1 to 2.35 × 1015h−1M⊙ at a = 11, and remains nearly
constant thereafter.
At a = 1, positive velocity particles at radii r/r200 ∼ 1−2 represents material that
has penetrated the halo core and is streaming outward to large radii. This “processed”
material mixes at these radii with a fresh stream infalling at vr ≃ −v200. The stream
extends outward through a zero-velocity surface at r ≃ 5r200, and asymptotically
approaches the Hubble flow at large radii. The present-epoch interior phase structure
displays a lumpy morphology, evidence of recent merger activity that has not yet
dynamically relaxed. The infall pattern shows spikes of enhanced dispersion, the
signatures of neighboring halos. Those within the gravitational sphere of influence
are destined to merge with the central halo.
By a = 11, phase mixing has smoothed the interior structure considerably, but
the remains of a recent merger can be seen in a small tail of outflow centered at
r/r200 ∼ 6 (circled in the panel). The infall regime is much quieter, with only a
few collapsed structures evident in the tail of Hubble flow. At a = 100, the interior
phase structure is extremely homogeneous and the infall regime is essentially silent;
no collapsed structures perturb the flow within 50r200.
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The lower panels of Figure 4.3 show how the non-linear material of the present
cluster evolves into the future. Only those particles lying within 2.5r200 at a = 1 are
shown. This radius is chosen to encompass all the “processed” halo material at the
present epoch. Although this boundary extends beyond most common choices for
the “virial radius” of a halo (Evrard et al., 1996; Eke et al., 1996; White, 2001), it is
evident that some material currently within this radius is destined for future escape.
A thin tail forms of material lifted off the halo, representing 0.8 and 2.6 percent (at
a = 11 and 100, respectively) of the mass within 2.5r200 at a = 1. Note that the
merger system at a = 11 circled in the upper panel is not as strongly evident in the
lower panel, indicating that it lies beyond 2.5r200 at the present epoch.
The simple, smooth phase structure at late times suggests a long-term equilibrium.
In the next subsection, we address the question of the eventual shape of the radial
mass profiles of halos.
4.2.2 Halo Density Profile
Numerical studies have revealed that the non-linear density structure of halos formed
through gravitational clustering takes on a common form. The first such studies





where rs is a characteristic radius where the logarithmic slope of the density profile is
isothermal: dlnρ/dlnr = −2. The ratio r200/rs defines the concentration parameter
c. Note we have chosen the convention ρs = ρ(rs); in this case the inner density can








ln(1 + c) − c/(1 + c)ρc. (4.15)
Previous fits to this density profile have been limited to radii r <∼ r200 and epochs
a ≤ 1. We present here an extension of this form to larger radii and future epochs.
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Figure 4.4 shows radial density profiles derived from stacking the 50 most massive
halos at each epoch displayed. Solid lines in the figure show binned profiles for five






Here rs is a scale radius similar to the that of equation (4.14), r∞ is an asymptotic
radius, p is a free parameter and A = 23p/2/[1 + rs/r∞]
1+3p/2. We find that val-
ues p = 1.8, rs = 0.50 and r∞ = 4.7r200a
6/(3p+2) provide fits that are accurate to
〈(δρ/ρ)2〉1/2 ∼ 35% over the full range of radii and epochs examined. The scaling of
r∞ with expansion factor ensures that the profile approaches the mean mass density
of the universe as r → ∞.
The profile of equation (4.16) is steeper than the NFW form at radii beyond r200.
As r∞ → ∞, the logarithmic slope of the profile well beyond r200 approaches 3.7
(shown by the dot-dashed curve in Figure 4.4), steeper than the slope of 3 from the
NFW case. This difference in slope keeps the enclosed mass from being logarithmic
divergent, as implied by a formal extrapolation of the NFW form (compare equation
[4.14] with [4.16]).
In fact, the mass of a halo in the far future will be simpler to define than it is today.
At present, radial infall and incomplete dynamical relaxation make the choice of the
“edge” of a cluster somewhat arbitrary (White, 2001; Evrard & Gioia, 2002). In the
relatively near future, however, halos evolve toward an equilibrium configuration that
is bounded by an increasingly sharp zero-velocity surface (Figure 4.3). Ultimately,
a meaningful and unique definition of mass emerges, namely, all of the matter lying
interior to this well-defined zero-velocity surface. In addition, as shown by Figure
4.4, the density profile attains a well-defined form.
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Figure 4.4. The asymptotic form for the density distribution of dark matter halos. The solid
curves show the (nearly) universal form for dark matter halos, for a variety of epochs (from top to
bottom, a = 1, 3.38, 11.4, 38.6, and 100). Starting just after the present time, the dark matter halo
profiles show essentially the same form, only the outer boundary is stretched to match onto the ever-
lower density of the background universe. The dashed curves show the fit to the numerical results,
equation (4.16), evaluated at each epoch with the parameters given in the text. The dot-dashed
curve shows the asymptotic form of the density profile in the limit t → ∞.
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4.3 Long-Term Ramifications Of Cosmic Acceleration
The considerations of the previous sections outline the requirements necessary for fu-
ture structure formation and the criteria for test bodies to remain bound to existing
astronomical structures. With these results in place, we can fill out the picture of
the future evolution of our cosmos. In particular, we can determine the time scales
for various bound structures to grow isolated, the corresponding effects on the back-
ground radiation fields in the universe, and the freezing out of particle annihilation
processes.
4.3.1 Isolation of bound structures
Because our universe contains a dark vacuum component, it has a well-defined horizon
scale. For unbound objects living in this accelerating universe, the next issue is thus
to determine when the objects leave the horizon. The background universe can be






dv2 + 2dvdr + r2dΩ2 . (4.17)
This line element ignores the curvature due to gravitationally-condensed structures
(see the following subsection). The parameter χ is related to the magnitude of the








where Λ is the effective temperature scale of the cosmological vacuum energy (Λ
≈ 0.003 eV ≈ 35 K for the presently suspected cosmological constant). In such a











≈ 12, 600 Mpc , (4.19)
where the second equality assumes the standard values Ωm,0 = 0.3 and Ωv,0 = 0.7.
This horizon distance rH is not the same as the particle horizon, but rather is essen-
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tially the Hubble radius. This distance scale rH provides an effective “boundary for
microphysics” within the much larger space-time of the universe (for further discus-
sion of horizons, see Kolb & Turner, 1990; Ellis & Rothman, 1993).
For a flat universe with both matter and vacuum components, the scale factor
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. (4.20)
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0 ≈ 17 Gyr. Furthermore, the scale factor a(t) approaches this asymptotic
form on an even shorter time scale. If the full expression (equation [4.20]) is written as
the asymptotic form (equation [4.21]) plus correction terms, those correction terms
decay with a time scale τ = (3H0
√
Ωv,0)
−1 = τe/3 ≈ 5.6 Gyr. This time scale —
somewhat longer than the age of the solar system and appreciably younger than the
current age of the universe — is a direct manifestation of the cosmological constant
problem.
Given that any extant cosmic structure has a sphere of influence (equation [4.11])
and that the universe has a fixed horizon size rH , every structure will become isolated
when the radius of its sphere of influence is stretched beyond the horizon, i.e., when


















As a result, for vast majority of cosmological time, the cosmos will be divided into
“island universes” in the sense that bound clusters of galaxies will retain their sizes (a
few to several Mpc) while the distance between clusters grows exponentially (see also
Chiueh & He (2002)). Given typical cluster sizes and separations, we predict that
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clusters will grow isolated in about 120 Gyr. For the particular values appropriate for
the nearby Virgo cluster, equation (4.22) implies an isolation time of 132 Gyr (this
time is the age of the universe at the time of isolation; since the universe is already
about 14 Gyr old, this event will occur 118 Gyr from now). Structures with lower
mass have smaller spheres of gravitational influence and require longer times to grow
isolated. Our local group, with an estimated mass of MLG ≈ (2.3 ± 0.6) × 1012 M⊙
van den Bergh, 1999, will be isolated at cosmic age t = 175 Gyr. As another example,
a star that is not gravitationally bound to a larger structure (e.g., one that has been
scattered out of a galaxy) requires somewhat longer to become isolated — about 336
Gyr. For comparison, the lifetimes of the smallest, longest-lived stars are measured in
tens of trillions of years (Laughlin et al., 1997; hereafter LBA97), about one hundred
times longer than the isolation time for galaxy clusters. For most of eternity, and
indeed for most of the Stelliferous Era, clusters will be alone. Inside the galaxies, the
expansion has essentially no effect, and star formation and stellar evolution continue
for trillions of years (AL97). When viewed on the large scale, however, these clusters
will behave like point sources, pumping radiation into an ever-expanding void.
4.3.2 Asymptotic structure of space-time
In the long term, existing cosmic structures will remain bound, but will grow isolated.
These structures will be embedded within an accelerating universe with a constant
horizon scale (equation 4.19). This process effectively divides the present-day universe
into many smaller regions of space-time. These “island universes” display properties
of a universal nature.
Every given “island universe” will approach a fixed overdensity. The energy den-















≈ 8 × 1023M⊙ . (4.23)
67
Since the mass contained within any given isolated cluster will be constant, the over-
density approaches a constant value. For our particular environment, the local group
will remain bound with its mass of about MLG = 2.3 ×1012 M⊙. The mass in our local
region is thus destined to be a minor perturbation on the cosmos itself, even within our
local island universe. For cosmic ages older than 175 Gyr, the mass contribution to
the universe contained within the local group is given by δ∞ = MLG/MH ≈ 3×10−12,
only 3 parts per trillion.
Our numerical simulations indicate that cosmic structures, from galaxies to clus-
ters, tend to develop universal forms for their density profiles. As a result, every
island universe will attain the same general form for its space-time. In particular,
since the density profile attains the universal form described by equation (4.16), the
line element ds2 for the space-time within the horizon distance rH also attains a
universal form. If we take the center of the coordinate system to be the center of
the cluster and assume that the mass distribution is spherically symmetric, the line
element can be written in the form
ds2 = −
(





1 − B(r) − χ2r2
)−1
dr2 + r2dΩ2 , (4.24)
where A(r) and B(r) depend on the mass distribution (see, e.g., Misner et al., 1973).
This form for the line element is that of a mass distribution embedded in deSitter
space (see also Bardeen, 1981; Mallett, 1985; Chiueh & He, 2002). As a result, there
exists an outer horizon at r = χ−1. We provide a more detailed specification of the
metric in chapter 5.
The outer horizon supports the emission of radiation through the Gibbons/Hawking
mechanism (Gibbons & Hawking, 1977). As a result, the universe will be filled with
a nearly thermal bath of radiation with characteristic wavelength λ ∼ rH ∼ χ−1 ∼
12, 600 Mpc and characteristic temperature T ∼ χ ∼ Λ2/Mpl ∼ 10−33 eV ∼ 10−29 K.
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This bath of radiation will become the dominant background radiation field at late
times (after about one trillion years – see the following section).
4.3.3 Background radiation fields in an accelerating universe
As the universe expands, all radiation fields are redshifted to longer wavelengths. An
important milestone is reached when the typical wavelength of a given radiation field
grows longer than the cosmological horizon scale defined by equation (4.19). After
this crossing, the photons are larger than the largest “box” that the universe has
to contain them. For later times, it no longer makes sense to describe the photons
in terms of a distribution function. Inside the horizon, in the limit λ ≫ rH , the
background photons will appear as “slowly” varying electric fields rather than as
particles of light. The dominant background radiation field will be that produced by
the horizon itself through the Gibbons/Hawking mechanism (Gibbons & Hawking,
1977; see also §4.3.2, Fulling, 1977; Birrell & Davies, 1982).
Given the scale factor of the universe and the present day wavelength of a radiation
field, it is straightforward to find the time at which the photons are stretched beyond
the horizon scale, i.e., when λa(t) > rH . For the cosmic background radiation, the
present day wavelength (at the peak of the distribution) is about λ0 = 0.1 cm and
the photons cross the horizon at a time of 1120 Gyr.
The cosmic background photons are stretched beyond the horizon well before
the stars stop shining. Star formation and stellar evolution will continue until the
universe is tens of trillions of years old (AL97, LBA97). Suppose that stars continue
to shine for 10 trillion years. By this late epoch, most of the remaining stars will be
red dwarfs that emit light with a characteristic wavelength of λ = 1 µm = 10−4 cm.
If this red light is emitted up to a time t∗ (≈ 1012 yr) and observed at a later time t,










where τe = 17 Gyr is the e-folding time of the future universe. Starlight leaves the
horizon when λobs > rH . Using this criterion in conjunction with equations (4.19)
and (4.20), we find that starlight is redshifted out of the horizon over a time interval
of only ∆t = (t− t∗) = 1260 Gyr. Stellar evolution times — for the smallest stars —
are much longer than the cosmological expansion times, so that photons are rapidly
stretched beyond the horizon. Specifically, this stretching time is a small fraction of
the Stelliferous Era, the time over which the universe will contain substantial numbers
of hydrogen burning stars, i.e., ∆t/t∗ ≈ 10−2.
When the temperature of cosmic background radiation cools below the tempera-
ture of the Gibbons/Hawking radiation associated with the cosmological event hori-
zon, the universe reaches an important milestone (Gott, 1996). After this time,
instead of continuing to cool, the universe maintains a background temperature
T ∼ 10−29 K. Dyson (1979) argued that an intelligent civilization could last for-
ever by operating at ever lower temperatures to conserve its finite energy resources.
If the universe approaches a fixed temperature, however, this strategy becomes im-
possible (Krauss & Starkman, 2000; Gott, 1996) and such civilizations cannot have
an infinite number of thoughts.
4.3.4 Particle annihilation in an accelerating universe
For material between galaxies — particles that are not bound to large structures —
future evolution can continue through particle annihilation. The number density n
of a given particle species is given by the evolution equation
dn
dt
+ 3Hn = −〈σv〉n2 , (4.26)
where 〈σv〉 is the appropriate average of the interaction cross section and the relative
velocity (see, e.g., Kolb & Turner, 1990; see also Ćirković & Samurović, 2001). For
an accelerating universe with a cosmological constant, the solution to equation (4.26)
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where n0 is the particle density at the present epoch and where we have defined
Γ ≡ 〈σv〉n0/H0. The leading factor (a−3) represents the dilution of the number
density due to cosmic expansion, whereas the second factor in brackets incorporates
the effects of continued particle annihilation. In an accelerating universe, annihila-
tion is highly suppressed. For example, in the asymptotic limit t → ∞, a → ∞,
this factor becomes F = 1 + 2Γ(1 −
√
Ωv,0)/3Ωm,0 ≈ 1 + 0.0048 [〈σv〉/barn·c]. For
electron-positron annihilation, for example, the maximum correction term is less than
a percent. For annihilation of cold dark matter particles (thought to be the dominant
matter contribution), the interaction cross sections are typically thought to lie in the
range σ ∼ 10−12 − 10−14 barn (e.g., Kolb & Turner, 1990) and the speed v/c ∼ 10−3.
As a result, the already small correction term (0.0048) is suppressed by an addi-
tional 16 orders of magnitude. This enormous suppression is driven by the relentless
expansion of an accelerating universe.
When the number density grows so diffuse that the universe contains less than
one particle per horizon volume, then individual particles are effectively isolated. The








where the scale factor a is given by equation (4.20) and the horizon scale is given by
equation (4.19). Adopting a present day number density of n0 = 10
−6 cm−3 results
in a particle isolation time scale of about 1060 Gyr.
4.4 Discussion And Conclusions
This chapter explores the future evolution of a universe dominated by dark vacuum
energy. Analytic estimates are compared to results of numerical simulations that
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follow the evolution of future structures in such an accelerating universe.
For a universe with cosmological constant Ωv,0 = 0.7, only those regions with
present-day overdensities δ0 > 17.6 will remain gravitationally bound, in agreement
with earlier estimates (Lokas & Hoffman, 2001; Nagamine & Loeb, 2003). We gener-
alize this result to include quintessence models with constant forms for the equation
of state (Appendix A). We have also derived the condition required for test bodies
to remain bound to existing structures (see equation [4.11]) and verified its validity
with numerical simulations (to within ∼ 10%; see Figure 4.2). Any collapsed object
— from a star to galaxy cluster — has a finite sphere of gravitational influence in an
accelerating universe, with radius r0 ≈ 1 Mpc (Mobj/1012M⊙)1/3. For quintessence
models, we have derived an analogous result for the sphere of gravitational influence
(see Appendix A and equation [A.7]).
From a co-moving perspective, the large-scale appearance of the future universe
is little changed from that of today. Matter in the cosmic web drains efficiently into
collapsed halos that shrink in comoving coordinates. The halos are essentially frozen
in place while their contrast relative to the mean background grows with time. In
physical coordinates, the view is rather different. The vast majority of the galaxies
now visible are pulled out of the immediate horizon of any given bound structure (a
cluster or group). In the long term, only the cluster or group itself remains within
the effective horizon scale of rH = 12,600 Mpc.
The long-term structure of space-time consists of a flat metric dimpled with iso-
lated clusters that approach a fixed mass profile. We find that halo density profiles
approach a form similar to, but steeper at large radii than, the NFW profile (equa-
tion [4.16]). It is important to emphasize that every halo grows isolated in the long
term, i.e., every gravitationally bound mass concentration ultimately becomes the
only structure within its own island universe. In each such local region, the halo
density takes the form shown in Figure 4.4 and the line element of the space-time
72
metric takes the form given by equation (4.24). Although the halo mass varies from
region to region, the form of the metric – and hence the geometry of space-time –
is nearly universal. In all cases, the halo mass in any region provides only a minor
contribution to the overall mass/energy budget, with Mobj/MH ∼ 10−11.
Table 4.1. Time Scales and Scale Factors
Event Time τ (Gyr) a(τ)
Time scale for scale factor to approach exponential form 5.6 –
Inverse Hubble constant H−10 14 –




Current age of the universe 13.7 1
Virgo Cluster leaves our horizon 132 1000
The Local Group grows isolated 180 2 × 104
Exiled stars become isolated 336 2 × 108
Individual particles grow isolated 1060 6 × 1026
CMB photons stretch beyond the horizon 1120 2 × 1028
Optical photons stretch beyond the horizon 1260 1032
Lifetime of longest-lived stars 17,000 10434
End of the Stelliferous Era 100,000 102554
As the universe continues to expand, and accelerate, cosmic radiation fields are
redshifted to increasingly long wavelengths. After about one trillion years, the cosmic
background radiation (leftover from the big bang) is stretched beyond the horizon and
the dominant radiation background is that emitted by the horizon itself through a
Hawking-like mechanism. Many of the results of this investigation can be summarized
in terms of the relevant time scales, which are listed in Table 4.1. To emphasize the
mismatch between the various time scales, the table also lists the scale factor for each
relevant epoch. For example, individual stars grow isolated in 336 Gyr (a = 2×108),
but the longest-lived stars burn hydrogen for 17,000 Gyr (when a = 10434).
With the analysis complete, many of the time scales and length scales of the future
universe can be understood in simpler terms. A dimensional analysis – presented in
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Appendix B – shows that the most important time scale is given by the asymptotic
form for the Hubble parameter H∞ =
√
Ωv,0H0 ≈ 59 km s−1 Mpc−1. The accelerated
expansion itself completely dominates the evolution of the universe as a whole, so that
all of the time scales are determined by H−1∞ ≈ 17 Gyr and logarithmic multiplying
factors (see Appendix B). By comparison, time scales for stellar evolution (1013−1014
yr; AL97, LBA97) and dynamical relaxation of galaxies (1020 yr; BT87) are much
longer.
CHAPTER 5
The Asymptotic Structure of Space-Time
An additional implication of the newly consolidated cosmological model and stud-
ies of the previous chapter is that the large scale space-time of the universe is known
and its corresponding metric can be specified. In the absence of structure formation,
the universe is homogeneous and isotropic, and the space-time would be described by
the maximally symmetric Robertson-Walker metric (Kolb & Turner, 1990). Since the
universe does contain gravitationally collapsed structures, however, the metric that
describes space-time is one step more complicated — it must include the contribution
from the structures.
As discussed in chapter 4, because of the dark energy the the universe will ap-
proach a state of exponential expansion and growing cosmological perturbations will
freeze out on all scales in the near future. Existing structures will grow isolated and
their future evolution can be predicted with a high degree of confidence. In addi-
tion to chapter 4, several recent papers have begun to explore the possible future
effects of vacuum energy density (Adams & Laughlin, 1997; Loeb, 2002; Nagamine &
Loeb, 2003; Gudmundsson & Björnsson, 2002; Chiueh & He, 2002), and demonstrate
that the universe will indeed break up into a collection of “island universes”, each
containing one gravitational bound structure.
In this chapter, we further analyze the simulation described in section 4.2 to
study the structure of our a = 100 halos. These numerical experiments show that
each gravitationally bound halo structure grows isolated and that its density profile
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always approaches the same general form. After specifying the form of this density
profile, we construct the metric for each isolated patch of space-time. Each island
universe attains the same geometry and we find the universal form for the metric that
describes these patches of space-time.
In the long term, existing cosmic structures remain bound but grow isolated,
as illustrated by the lower right panel of Figure 4.1, which represents region space
with physical size 128h−1Mpc at a = 100 centered on a massive halo. In contrast,
the upper left panel shows the same region at a = 1. A large cluster such as this
will become effectively isolated in about 120 Gyr, whereas a smaller structure (like
our Local Group) will grow isolated in about 180 Gyr. These structures will be
embedded within an accelerating universe with a constant horizon scale, where the











≈ 12, 600 Mpc . (5.1)
This horizon distance rH is not the same as the particle horizon, but rather is es-
sentially the Hubble radius. The distance scale rH provides an effective “boundary
for microphysics” within the much larger space-time of the universe (Kolb & Turner,
1990). The acceleration of the universe effectively divides our present-day space-time
into many smaller “island universes”. For this discussion, we consider the center of
each dark matter halo to lie at the center of its own island universe. As we show
next, these dark matter halos develop density profiles with a universal form in both
time and mass (for our chosen cosmology).
5.1 Generic Form for the Density Profile.
Numerical simulations indicate that cosmic structures, from galaxies to clusters, tend
to develop the same basic form for the density profiles of their dark matter halos
(Navarro et al., 1996b). As a result, every island universe will attain the same ge-
ometry for its space-time. In order to estimate the geometry of these space-times,
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we must first estimate the (nearly universal) form for the density profile of the dark
matter halos.
Using the results from our numerical simulations, we have constructed a compos-
ite dark matter halo from the 50 largest halos produced by one realization of the
simulation. These 50 halos are normalized so that the mean interior density has the
same value at the spatial scale r200 (the radius at which the enclosed density is 200
times the critical density). With this normalization, the individual dark matter ha-
los show relatively little dispersion in properties such as their radial density profile
(about 35 percent) and hence the composite average is well defined. The profiles are
close to being spherically symmetric (this point is discussed in Busha et al., 2003;
Jing & Suto, 2002) so we consider density distributions that depend only on radius.
The composite profiles are shown in Figure 4.4 for varying cosmological epochs, start-
ing from the present (top curve) and extending to a = 100 (bottom curve). Notice
how the density profiles display the same characteristic form over a wide range of
epochs, with each subsequent profile being a stretched version of the previous one.
This fact that dark matter halos tend to approach a universal form has been noted
earlier (Navarro et al., 1996b), although the previous composite profiles were more
limited in spatial extent and did not match smoothly onto the background universe.
The density profile at every cosmological epoch can be fit with a spherical density






This profile describes the basic radial dependence of dark matter halos in the inner
regions and matches smoothly onto the background density of the universe at large
radii. Using the parameters rS = 0.50 r200 and p = 1.8, the above functional form
provides a good fit to the numerically determined density profiles for all epochs. In
order to match the profile onto the background density of the universe, the remaining
parameter r∞ must scale according to r∞ = r∞(0)a
6/(3p+2), where the present-day
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value r∞(0) = 4.7 r200. The resulting fits to the density profiles are shown as the
dashed curves in Figure 4.4. This relatively simple function (equation [5.2]) applies
over a factor of 10 in halo mass scale, and fits the numerically calculated density
profiles over nearly 5 decades in radial scale, 11 decades in density, and a factor of
100 in the scale factor a. Over this range, the RMS departure of the fitted functions
(equation [5.2]) from the composite averages is 0.13 in log10 ρ (which corresponds to
differences of ∼ 35% in ρ).
5.2 Asymptotic Form for the Metric
Using the specified form (equation [5.2]) for the density profile, we can now determine
the line element ds2 for the space-time within the horizon distance rH (Misner et al.,
1973). The center of the coordinate system is taken to be at the center of the cluster
(or galaxy) and the mass distribution is assumed to be spherically symmetric. We
begin by writing the line element in the form
ds2 = −
(




1 − B(r) − χ2r2
)−1
dr2 + r2dΩ2 , (5.3)
where we have explicitly separated out the the contribution due to the cosmological
constant, which is set by the parameter χ2 ≡ (2π3/45)1/2Λ2/Mpl (where the energy
scale Λ ≈ 0.0003 eV for Ωv,0 = 0.7). In an “empty” universe containing only vacuum
energy, the line element would have the above form with A = 0 = B. Because of the
vacuum contribution, the metric contains an outer horizon at rH = χ
−1. This outer
horizon supports the emission of radiation through a Hawking-like mechanism (Birrell
& Davies, 1982) and hence the future universe will be filled with a nearly thermal bath
of radiation with temperature T ∼ χ ∼ 10−33 eV and characteristic wavelength λ ∼
rH ∼ 12, 600 Mpc. This radiation will become the dominant background radiation
field after about one trillion years. The functions A(r) and B(r) take into account
additional curvature due to the mass distribution, which has a density profile given
by equation [5.2].
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If we adopt units in which c = 1 (and hence G = M−2pl ), the function B(r) can be










where the density profile ρ(r) is given by equation [5.2]. Since we are interested in
the asymptotic form for the metric, we can consider late times for which the scale r∞











≡ η0β(ξ) . (5.5)
In the second equality, we have defined the parameter η0 = 4πGρ0r
2
S which sets the
“strength” of the curvature and the dimensionless function β(ξ) which specifies the
radial dependence of the metric coefficient (where ξ = r/rS). For typical values, the
strength parameter η0 ≈ 10−6, indicating that the departure from flatness is relatively
small. The resulting function β(ξ) is shown in Figure 5.1.
The function A(r) is related to the usual gravitational potential Φ through the






r(r − 2Gm) . (5.6)
In this setting, the mass is dominated by collisionless dark matter particles and the
pressure p is negligible. Furthermore, the potential is small so that we can use the
approximation e2Φ ≈ 1 + 2Φ and hence A(r) = −2Φ(r), with Φ given by the integral

















≡ η0α(ξ) , (5.7)
where η0 and β(ξ) are as defined previously. We have also defined an analogous
dimensionless function such that A(r) = η0α(ξ). The quantity A∞ and its dimen-
sionless counterpart α∞ are defined so that the potential Φ vanishes at spatial infinity
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Figure 5.1. The dimensionless functions α(ξ) and β(ξ) appearing in the asymptotic form of the
space-time metric of equation [5.8]. The functions are plotted versus the dimensionless radial co-
ordinate ξ = r/rS (see text). These functions, in conjunction with equation [5.8], specify the line
element for the majority of the life of the universe.
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(Misner et al., 1973). As before, the dimensionless parameter η0 = 4πGρ0r
2
S ≈ 10−6
sets the level of the curvature. The resulting function α(ξ) is shown in Figure 5.1.
This completes the specification of the metric.
5.3 Summary
In this chapter, we have constructed the asymptotic form of the metric that describes
space-time in our cosmological future. Using numerical simulations, we have demon-
strated that individual gravitationally bound structures will become isolated in the
near future and thereby become their own “island universes” (Figure 4.1). Each of
these gravitationally bound entities — dark matter halos — will attain a characteris-
tic form for its density distribution (see Figure 4.4 and equation [5.2]). Finally, each
bound structure will live at the center of its own island universe, and the metric of
the surrounding space-time can be described by a line element of the form
ds2 = −
(




1 − η0 β(ξ) − χ2r2
)−1
dr2 + r2dΩ2 , (5.8)
where η0 = 4πGρ0r
2
S, ξ = r/rS, and where α(ξ) and β(ξ) are shown in Figure 5.1.
Astronomical entities (planets, stars, and galaxies) living within the universe will
continue to evolve over much longer time scales (Adams & Laughlin, 1997; Dyson,
1979; Islam, 1977; Cirkovic, 2003), but space-time itself can be described by equation
[5.8] for the vast majority of the total life of the universe.
The idea that some type of dark energy could affect the expansion of the universe
dates back to Einstein’s original introduction of a cosmological constant. Although
this idea has been called Einstein’s greatest blunder, the currently observed cosmic
acceleration suggests that this concept may become one of Einstein’s greatest legacies.
The motivation for the cosmological constant was to keep the cosmos static. In a
twist of irony, the observed dark vacuum energy does not make the universe static,
but rather drives it to expand at an accelerating rate. But even though the universe
81
expands and changes, and its constituent astrophysical objects age, this chapter shows




For cosmologies in which density fluctuations are seeded by an early inflationary
period (e.g., Kolb & Turner, 1990), gravity acts during the era of cold dark mat-
ter domination to evolve a “cosmic web” of non-linear structures (e.g., Bond et al.,
1996) that can be approximately described as a set of roughly spherical halos, each
characterized by a mass M . Within a given cosmology, the spatial density, clustering
properties, and internal structure of such halos evolve with time in ways that are
becoming increasingly well understood (e.g., Cooray & Sheth, 2002; Kravtsov et al.,
2004).
Oddly, the central element of this picture, the halo mass, is difficult to define.
During the growth phase of the web, the mass distribution within a halo smoothly
connects to the cosmological background of adjoining filaments, sheets, and voids.
Any given halo is a mix of ‘old’ material that may be near hydrostatic and virial
equilibrium and ‘new’ material gained from recent accretion. Although a radial gra-
dient in the ratio of these two components is present, no clear edge that would allow
a unique definition of mass separates them. In contrast, analytic collapse models
based on spherical symmetry possess a well-defined outer shock or caustic surface
(Bertschinger, 1985; Fillmore & Goldreich, 1984) that emerges at a characteristic
density. These models have motivated several mass definitions based on enclosed
density. White (2001) offers a recent discussion of these and other mass definitions
applied to large-scale structure simulations.
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In contrast to the present epoch, the far future of a ΛCDMuniverse provides an
opportunity to cleanly define halo mass. In the relatively near cosmological future,
merger activity comes to an effective end and dark matter halos evolve toward a
dynamically quiet state (chapter 4; Nagamine & Loeb, 2003; see also the reviews
of Adams & Laughlin, 1997; Cirkovic, 2003). In this chapter, we show that the
phase-space configuration of dark matter halos reaches a well-behaved asymptotic
state characterized by a single zero-velocity surface that uniquely defines the halo
edge. Essentially all material internal to this surface is bound to and equilibrated
within the halo, whereas material outside this surface is expanding away with the
locally perturbed Hubble flow. In §6.1, we describe the simulation used and the
mass measures employed in our analysis. Results are given in §6.2, followed by brief
summary and discussion section (§6.3). Our mass and radius measurements assume
a Hubble constant H0 = 100h km s
−1 Mpc−1 with h = 0.7.
6.1 Simulations and Mass Measures
We present results based on a simulation run with L-Gadget, a specialized version
of the N-body code GADGET (Springel et al., 2001b). L-Gadget simulates only
collisionless matter in a manner that optimizes cpu and memory resources. Our
simulation models a patch of flat space in a ΛCDMuniverse with current matter
density Ωm = 0.3, vacuum density ΩΛ = 0.7, and power spectrum normalization
σ8 = 0.9, values consistent with observational measurements of the CMB (Spergel
et al., 2003).
The dark matter in a periodic cube of side length 200h−1Mpc is modeled by 2563
particles of mass 3.97 × 1010h−1M⊙. The simulation was started at redshift z = 19
(scale factor a = 0.05), evolved through the present epoch (a = 1), and continued
forward to a = 100. Although somewhat low, the starting redshift is in agreement
with the analysis in Power et al. (2003) for our mass resolution (see figure 10 of their
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paper). A gravitational softening parameter fixed at 40h−1kpc (in physical units)
was used throughout the computation. The simulation was run on 8 dual-cpu nodes
of a Beowulf cluster at the University of Michigan. A total of 300 outputs equally
spaced in log(a) were stored from the run. As the scale factor increases, the universe
evolves from being matter dominated to vacuum energy dominated. We define aeq
as the epoch at which the energy densities in the two components are equal. For the
chosen model, this transition occurs at aeq =(Ωm/ΩΛ)
1/3 =0.75.
We identify dark matter halos using a standard percolation (or friends-of-friends,
FOF) algorithm with linking length 0.15 times the inter-particle spacing. The halo
center is identified as the most bound particle of the resulting group, and the halo
velocity is defined as the center of mass velocity of the linked set of particles. At
the end of the simulation this algorithm identified about 2900 halos with at least
500 particles. The largest halo at that time contains 83,600 particles, equivalent to
3.3 × 1015h−1M⊙. In the analysis below, we measure ensemble properties using the
400 most massive halos, the smallest of which contains 3,000 particles.
The FOF algorithm defines halo centers about which we measure several enclosed
mass scales. The first mass scale is M200, the mass contained within a sphere of radius
r200 that encloses a mean density 200 times the critical density ρc(a) at the epoch of
interest. In addition, a so-called virial mass Mvir (within rvir) is defined to enclose
a mean density ∆c(a) times the critical density, where ∆c(a) is an epoch-dependent
threshold based on a simple, spherical collapse model (e.g., Eke et al., 1996). ∆c
reaches a constant value of 20.4 as Ωm(a) → 0. A third mass scale M180b is defined by
a mean enclosed density of 180 times the background mass density ρm(a). Two body
relaxation is not anticipated to affect these halos substantially. We have performed
an analysis similar to that of Power et al. (2003) which indicates that at late times
halos of this mass are stable to well within 0.1r200.
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6.2 Results
Previous studies (chapter 4; Nagamine & Loeb, 2003) have shown that large-scale
structure quickly approaches a stable configuration in the future deSitter phase of
a ΛCDMcosmology. Mergers and accretion slow dramatically after the scale factor
exceeds a = 2 − 3, signifying the end of the dynamically active stage of the cosmic
web. The change in dynamical activity, from active to absent, is apparent in the
reduced phase-space density f(r, vr) of halos as shown in Figure 6.1. This figure
plots the proper radial velocity vr against distance from the halo center r for an




Figure 6.1a shows the conditional probability p(vr | r) = f(r, vr)/ρ(r) for these
400 halos at a = 1. The solid line gives the mean radial velocity, while the grey scale
regions delimit velocities containing 40%, 60%, 80%, 95%, and 99% of the material
at each radius. This ensemble average phase space density can be divided into three
principal regions: i) an inner hydrostatic core (〈vr〉 = 0) that is relatively well relaxed;
ii) an intermediate accretion envelope (〈vr〉 < 0) containing two opposing streams of
material, one on its first inward journey toward the halo center and the other passing
outward after pericentric passage; and iii) an outflow region (〈vr〉 > 0) dominated by
the locally perturbed Hubble flow. Nearly all of the material in regions i) and ii) is
gravitationally bound to the halo (a modest fraction of material within r200 can be
scattered out of a halo, see figure 4.3) while essentially all of region iii) is unbound.
The characteristic scale that separates the outflow and accretion regions is often
called the turnaround radius rta (Gunn & Gott, 1972), a term motivated by spherical
models of expanding mass shells. We call the radius that separates the two interior
zones the hydrostatic radius rhs and measure its value using a threshold condition
for the binned, mean radial velocity. Starting from the interior, we identify rhs as
the minimum radius at which |〈vr〉/v200| > 0.1. The turnaround radius is identified
86
in the same manner, identifying the maximum radius at which |〈vr〉/v200| < 0.1. At
a = 1, the values of these characteristic radii are rhs = 0.70r200 and rta = 3.3r200 and
are marked by the vertical dashed lines in Figure 6.1a.
The averaging process used to create the density in Figure 6.1a blends the effects
of substructures within individual halos, especially in the hydrostatic region. At a
given radius, this region has a nearly Gaussian distribution of radial velocities with
zero mean, signatures of hydrostatic and virial equilibrium. Due to the presence of
pairs of massive clusters, the outflow region for the ensemble profile has a rather broad
dispersion. The fact that the distribution of radial velocities for the outflow region
is more sharply peaked than in the virialized region indicates that the surrounding
regions generally contain halos that are less massive than those of our high-mass
selected sample.
The situation in the far future is markedly different from the present. Figure 6.1b
shows the ensemble phase-space density at a = 100. The most striking changes are the
disappearance of the accretion region and the dramatic cooling of the outflow region
due to the Hubble expansion. Here, rhs and rta have merged to form a single zero-
velocity surface at rhalo = 4.5r200, represented by the dashed vertical line. In addition,
relatively few nearby halos are present to disrupt the outflow stream. Neighboring
halos that existed at a = 1 have either merged or been pulled away in the deSitter
expansion. Although not shown here, the phase-space density of the single most
massive halo at a = 100 is nearly identical to the ensemble averaged profile. Because
mergers cease long before a = 100, the substructure present within any individual
halo has several dynamical times to relax via tidal stripping, phase mixing, and
dynamical friction (see figure 4.3 for a comparison with the phase-space distributions
for individual halos).
The elimination of the accretion region at a = 100 is accompanied by an expansion
of the hydrostatic region. Figure 6.1c shows the evolution of the average vr/v200. The
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Figure 6.1. The distribution of dark matter radial velocities as a function of distance from the halo
center. The top two panels show the conditional phase-space density p(vr|r) as a function of radius
for the ensemble of 400 largest halos at the present epoch (a) and for the future when a = 100 (b).
The solid line shows the mean velocity as a function of radius; the grey scale indicates the regions
enclosing 40, 60, 80, 95, and 99 percent of the particle population as specified by p(vr|r); the vertical
lines represent the zero-velocity surfaces. Panel (c) shows the mean radial velocity for an ensemble
of halos at epochs a = 0.34, 0.59, 1.0, 1.8, and 4.8, with the bold line representing the function at
a = 100.
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bold curve shows the final profile at a = 100; the thinner curves depict the epochs a
= 0.34, 0.59, 1.0, 1.8, and 4.8. The extent of the accretion region decreases with time
as rhs/r200 grows and rta/r200 slightly shrinks. Note also that there is an expulsion
epoch at a = 4.8, shortly after mergers have ended. At this time, vr/v200 is somewhat
larger than its asymptotic value in the range r/r200 = 3 − 8 because the unbound
particles from the final mergers are being ejected.
The time evolution of this transition is presented in Figure 6.2. As before, we
show ensemble behavior of the 400 most massive halos selected at a=100, with halos
at earlier epochs restricted to the most massive progenitors of this final population
(where most massive progenitor is defined to be the halo with the largest MFOF that
contributes at least 20% of its particles to its descendant). For each halo and epoch,
we identify the physical values of the characteristic radii, (rhs, rta, r200, rvir, r180b)
along with the respective enclosed masses. To determine rhs and rta for each halo,
we first time smooth the individual profile by co-adding the halo configuration over
seven consecutive outputs. We then measure rta using a linear extrapolation of the
outflow over a factor of six in vr, starting at the radius r = 10Mpc and working
inward. Applying a threshold (as above) instead of extrapolating produces somewhat
larger values for rta, but causes only a small change in the values for Mta. We choose
the extrapolation method because it provides less noisy estimates during the early
phase of active halo growth. The hydrostatic region, rhs is measured using a threshold
technique on the mean radial velocity measured in radial bins, identical to the method
used for Figure 6.1. We use logarithmically spaced bins, 30 per decade, and identify
rhs as the radius at which |vr|/vta > 0.1, vta =
√
GMta/rta. Typically, vta ∼ 0.7v200.
Figure 6.2 shows the time evolution of the mean physical radii and enclosed masses
for the different measures. During the early Einstein-deSitter phase, a ≪ aeq, the
sizes defined by mean interior densities r200, rvir and r180b are similar, whereas the
hydrostatic boundary rhs lies somewhat interior to r200 and rvir. The turnaround ra-
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dius rta lies well beyond these scales while the growth of linear perturbations remains
robust.
The interior scales diverge at epochs a > aeq when vacuum effects dominate. As
linear growth stagnates, large-scale mass density fluctuations δρ/ρ̄ become frozen
into the background. Continuity of the density field implies that the mean size r180b
(defined relative to the mean matter density) becomes constant in the comoving
frame, so the physical size grows exponentially in time. In contrast, the ensemble
mean r200 rapidly approaches its asymptotic value, following r200(a) = r200,∞ [1 −
exp(−(a/aeq)1.5)] at late times, with r200,∞=1.2 Mpc for this high-mass sample. This
fit is shown for a > aeq by the dot-long-dashed line in Figure 6.2b.
The value of rvir relaxes less quickly, due to the decline in the variable threshold
∆c(a) as the scale factor increases. The enclosed masses M200, Mvir and M180b grow
monotonically until reaching 99% of their asymptotic limits at a=2.9, 8.6 and 13.6,
respectively, corresponding to ages of 32, 52 and 60 Gyr. The innermost mass scale
M200 experiences a slight decline at late epochs,∝(0.00045 ± 0.00015)ln(a), but it is
not clear whether this drift is physical or numerical.
The hydrostatic boundary rhs tracks r180b until a ∼ 2, then slows its growth and
relaxes toward an asymptotic value. The turnaround radius also grows rapidly until
a ≃ 1.5, then declines until a ∼ 5, and increases slowly thereafter. The decline in
size and enclosed mass from the peak until a ∼ 5 arises from a change from infall
to outflow in the accretion regime lying between rhs and rta, as indicated by the
outflow enhancement at this epoch in Figure 6.1c. At a ∼ 1, accretion just outside
the hydrostatic boundary drops dramatically. After a crossing time, the modest mass
fraction of this accreted material that is scattered to unbound orbits emerges at radii
r > rhs with positive radial velocity at a ∼2−5. This material escapes from the halos,
but we have not investigated its ultimate fate. Presumably, some fraction emerges as
the cores of stripped sub-halos that remain self-bound, whereas the remainder may
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Figure 6.2. Comparison of mass and radial scales for the progenitors of the 400 most massive
halos identified at the end of the computation. The four panels show the scale factor dependence
of (a) mean masses; (b) mean physical sizes; (c) enclosed densities relative to the critical value.
The line styles indicate the different mass measures: Mta (bold); Mhs (dashed); M200 (solid); Mvir
(dotted); and M180b (dot-dashed). The line styles for the radial scales are analogous. In panel (b),
the dot-long-dashed curves show the asymptotic form of r200 (see text) for a > aeq=0.75.
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emerge sufficiently tenuous and hot that it never collapses into a halo of cosmologically
interesting mass. Future studies using higher resolution experiments are needed to
address this question.
For test particles in Hubble flow around a halo of mass M , the outer zero-velocity
surface location can be estimated using a Newtonian binding energy, with the result
(Equation [4.11]) r ≃ (M/1012M⊙)1/3Mpc. Applying this estimate using the mean
asymptotic halo mass in Figure 6.2a yields a value of 5Mpc, close to the asymptotic
mean size shown in Figure 6.2b. We caution that the values of rhs and rta are sensitive
at the ∼10% level to the choice of threshold and/or the interpolation scheme used to
locate the zero-crossing. However, the steep behavior of the density profile near the
boundary (ρ∝r−γ , γ ≫ 4) leads to a much smaller uncertainty ( <∼ 2%) in enclosed
mass.
The merging of the turnaround and hydrostatic scales signals the end of high
mass structure formation, and therefore the end of the growth phase of the cosmic
web. Thereafter, halos maintain a fixed physical size and the morphology of the
cosmic web, when viewed in the comoving frame at a density threshold near critical,
becomes less of a web and more an increasingly fine spray of droplets (see chapter 4
and Nagamine & Loeb, 2003). From Figure 6.2a, the ratio Mhs/Mta reaches 99% of
its asymptotic value at a=7.4 (a/aeq =10). At epochs beyond 10aeq, we can clearly
define the (ultimate) halo mass as Mhalo ≡Mhs =Mta, i.e., the mass enclosed within
the single zero-velocity surface is the ultimate halo mass.
Figure 6.2c shows that the turnaround/ultimate halo mass is defined by a density
threshold ρhalo relative to critical that lies at all times within a factor of two range
spanning ∼ (5 − 10)ρc(a). The threshold at early times lies close to the canonical
9π2/16= 5.5 value expected from spherical collapse in an Einstein-deSitter universe
(Peebles, 1980). After aeq, the ratio ρhalo/ρc(a) first drops while the mean halo mass
peaks, then climbs to 10 during the period a/aeq =2− 10 when the mean halo mass
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drops. At late times, ρhalo is declining weakly, and its asymptotic limit, although not
well determined by this simulation, is only about 12% shy of the canonical value.
While the gap between r180b and rhalo expands exponentially in the far future,
the enclosed mass ratio converges to M180b/Mhalo ≈ 1.35. While thresholding with
respect to the background mass density extends beyond the halo edge at late times,
the scales defined relative to the critical density pick out mass shells interior to the
halo: Mvir =0.89±0.04Mhalo and M200 =0.52±0.04Mhalo. These particular values are
sensitive to the asymptotic form of the radial density distribution. Considering the
forward evolution of the halos, the distribution of Mhalo(100)/M200(1) is log-normal
with a high-end tail containing about 10% of the population. The peak of the log-
normal is at mass ratio 2.2 with dispersion 0.38. The tail starts around the 2σ point
and extends out to Mhalo(100)/M200(1) = 100, with the largest factors representing
smaller objects that have merged with the most massive halos.
Figure 6.3 shows the mean radial profile obtained at a = 100 from the stacked
ensemble of the 400 most massive halos. We use r200 as the scale radius, but results
are similar when other characteristic scales are used. The light solid line shows the
mean profile while the heavy solid line shows the profile for material bound to each
halo, using specific energy E/m= v2/2 − GM(< r)/r + (4π/3)GρΛr2 (with v and r
the proper velocity and radius, respectively). The bound material is well fit over the







with characteristic radius rc =0.62r200 and truncation scale r̂halo =4.6r200. The latter
measure of halo size agrees extremely well with the value of 4.5r200 obtained from
the ensemble average zero-velocity surface. This fit has a least-square error of about
12%. For comparison, an NFW profile ρ(r) = 4ρs(r/rs)
−1[1 + (r/rs)]
−2 (Navarro
et al., 1996b), obtained by fitting within r200 is shown in Figure 6.3 by the dotted
line. The profile with rs = 0.25r200 fits the inner regions of the halo well, but it is
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Figure 6.3. The asymptotic form of the density distribution for dark matter halos. The solid curves
show the density profile for an ensemble average of the 400 most massive halos in the simulation at
scale factor a = 100. The upper solid curve shows the total density as a function of radius, whereas
the lower solid curve includes only the bound particles. The dotted curve shows the best fit NFW
profile. The dot-dashed curve shows the best fit Hernquist profile, and the dashed curve represents
a truncated Hernquist profile (see equation [6.1]).
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much too shallow beyond r200, overestimating the halo density at rhalo by an order of
magnitude. Note that simple scaling for the evolution of the concentration proposed
by Bullock et al. (2001), cvir(a) ∼ a, breaks down as the growth rate becomes constant
and the profile out to rvir becomes fixed after a few Hubble times.
6.3 Summary
From a large N-body simulation that follows the long term evolution of collisionless
structure in a ΛCDMcosmology, we have examined the ultimate approach to equilib-
rium for a sample of 400 massive halos with final mean mass 3.5 × 1014M⊙. During
the matter-dominated era (a <∼ aeq = 0.75), the radial phase-space structure of the
halos is complex, consisting of an inner hydrostatic region, an intermediate accretion
zone, and an exterior region that expands with the perturbed Hubble flow. During
the interval aeq ≤ a ≤ 10aeq, accretion shuts down and the intermediate region is
briefly dominated by outflow rather than infall. For a >∼ 10aeq, the intermediate re-
gion disappears, and the hydrostatic and turnaround scales merge to form a single
zero-velocity surface that provides an unambiguous definition of halo mass.
The existence of multiple mass scales commonly used in the literature to describe
clusters is a direct reflection of the complexity of the accretion region during the
growth phase of structure. This work illuminates the evolving relationships between
the hydrostatic and turnaround scales of halos and scales defined by mean interior
density thresholds. Although thresholding with respect to the background density
(M180b) has advantages for calculating the halo space density (Jenkins et al., 2001), its
use to describe future structure is compromised by our finding that M180b exceeds the
asymptotic halo mass for a >∼ 2. Masses defined by thresholds relative to the critical
density converge to well-defined values. For a >∼ 10 aeq, we find Mhalo = 1.1Mvir =
1.9M200.
Using only bound material, the ensemble mean density profile of the 400 most
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massive halos is well fit by a modified Hernquist model, with scale radius 0.62r200
and truncation radius 4.6r200 (equation [6.1]). The origin of this particular form,
as well as other issues such as its dependence on halo mass and its extension to an
ellipsoidal description, remains to be investigated.
CHAPTER 7
Small Scale Power and Accretion History
In this chapter, we continue along the lines of chapter 6 where we analyzed the
equilibrium structure of halos. The previous chapter concentrated on the question of
how exactly one defines a halo. The next open question is to understand why non-
linear structure takes the form that it does — a form that, as discussed in section 2.4.2
has been predicted by simulations and confirmed, more or less, by observational data.
In particular, we would like to know how and why dark matter halos attain a nearly
universal form for their density profiles, as first described by Navarro, Frenk, & White
1997 (hereafter NFW). One aspect of this issue is understanding the importance
of the method of mass accretion: How much does the final structure depend on
accreting mass as virialized clumps as opposed to a continuum of diffuse material
and how effectively does violent relaxation (Lynden-Bell, 1967) erase the memory of
this accretion process.
As discussed in section 2.3.1, the basic process for the buildup of structure in our
cold dark matter (CDM) dominated universe is the hierarchical merging of collapsed
structures (see, e.g., Press & Schechter, 1974; Aarseth et al., 1979; Blumenthal et al.,
1984; Davis et al., 1985). This process creates small halos early in the universe which
merge with each other while accreting material from their surroundings, eventually
creating the large cluster-sized structures of today through a “bottom up” process.
For a time it was thought that light neutrinos might dominate the mass density,
forcing galaxy formation to occur through a “top down” process (e.g., Bond & Szalay,
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1983). In such a hot dark matter model, perturbations on small scales are washed
out by free streaming, preventing the formation of the early low-mass seeds of hier-
archical structure formation. Dark matter halos still form, but the first objects are
large cluster-mass halos (Zel’Dovich, 1970; Doroshkevich & Zeldovich, 1975). While
popular in the 1970’s because simulations reproduced the outline of the cosmic web
that surveys were just beginning to map out (Thompson & Gregory, 1978), hot dark
matter models have been ruled out based on observations of the galaxy distribution
(White et al., 1983). Tuning the free-streaming mass-scale leads to WDM possibili-
ties which suppress density perturbations below some (typically dwarf galaxy sized)
scale. The most immediate effect of this suppression is to reduce the number of small
halos and subhalos existing in large halos. Several numerical studies of WDM cos-
mologies have been carried out (e.g., Evrard & Crone, 1992; Avila-Reese et al., 2001;
Bode et al., 2001; Coĺın et al., 2000; White & Croft, 2000; Knebe et al., 2002, 2003),
mostly in an attempt to explain the apparent lack of substructure in our local group
as compared to predictions from ΛCDMsimulations.
CDM and hierarchical merging have emerged as the standard paradigm for struc-
ture formation and the key ingredients in setting the distribution of dark matter halos.
Although there have been a number of studies on the role of mass accretion on setting
internal halo properties (see, e.g., Avila-Reese et al., 1998; Huss et al., 1999; Wechsler
et al., 2002),the exact impact of this process remains unclear. While some studies
indicate that the accretion of substructures plays a significant role in setting the inner
slope of the radial halo density profile (Ma & Boylan-Kolchin, 2004), simulations of
monolithic collapse events in WDM cosmologies and other forms of non-hierarchical
growth produce halos with global properties unchanged relative to similar structures
in CDM cosmologies (Evrard & Crone, 1992; Moore et al., 1999b; Alvarez et al.,
2003). By truncating the initial power spectrum in an otherwise CDM simulation
at some scale kc (with corresponding mass scale Mc = 4/3π
4k−3c ρ̄), one can mimic
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WDM cosmologies and test the importance of hierarchical growth for establishing
halo structure. Compared to the CDM model, where mass is continually accreted in
dense clumps, WDM cosmologies have an early period of monolithic collapse, where
large halos form out of a smooth background and relax with many fewer disruptions
due to merger events. If the halo is in a dense enough region, this initial collapse is
followed by hierarchical accretion. Previous simulations of this process (Moore et al.,
1999b; Bode et al., 2001; Avila-Reese et al., 2001) have shown that the resulting
density profile is virtually unchanged for halos well above the truncation scale.
Halos in a WDM cosmology are effectively a re-scaled versions of the first halos
expected in a CDM cosmology. Most physical CDM candidates (i.e., SUSY-LSP’s)
have some intrinsic velocity dispersion, washing out perturbations on very small scales
(much smaller than we are able to simulate on cosmological scales), effectively trun-
cating the power spectrum at some very large k (see Diemand et al., 2005; Gao et al.,
2005 for discussions of such simulations). In this manner, studying WDM cosmologies
can provide clues to the earliest collapse of CDM structures.
To gain insight into the question of the origin of the internal structure of dark
matter halos, we have performed a set of simulations of cosmic structure, using both a
standard ΛCDMand truncated WDM-like power spectra. Simulations are run into the
far future, allowing halos to relax toward equilibrium configurations. Our numerical
simulations are described in §7.1. In §7.2, we compare the differences in the halo
distribution for the two cosmologies, concentrating on the mass function, evolution
of the power spectrum, and the formation of WDM halos with mass well below
the truncation scale. In §7.3 we compare the internal structure of the halos in the
two cosmologies, including the mass accretion histories (MAHs), the distribution
of substructure, and the halo density profiles. Results and their implications are
summarized and discussed in §7.4.
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7.1 Simulations
We simulate the formation of dark matter halos in Λ-dominated CDM and WDM-
like cosmologies with a suite of dark matter N-body simulations using the publicly
available TreePM code Gadget 2.0 (Springel, 2005). We use two ΛCDMand WDM
simulations with different mass resolutions for a total of four large-scale cosmologi-
cal simulations. The simulation pairs at each mass resolution were created with the
same initial phases so that the the large-scale environment would be unchanged. All
simulations model a patch of space in a flat universe with current matter density
Ωm,0 = 0.3, vacuum density ΩΛ = 0.7, Hubble parameter H0 = 70km s
−1Mpc−1 and
power spectrum normalization σ8 = 0.9, values consistent with the first year release
of WMAP measurements of the CMB power spectrum (Spergel et al., 2003). The
lower resolution simulations model periodic cubes of side length L = 200h−1Mpc
containing Np = 256
3 particles of mass 3.97× 1010h−1M⊙ and gravitational softening
length ǫp = 40h
−1kpc. The higher resolution simulations use cubes of side length
L = 50h−1Mpc, containing 2563 particles with mass 6.20 × 108h−1M⊙ and softening
length ǫp = 10h
−1kpc. The softening scales quoted here correspond to their values
at the present epoch and are held constant in comoving space for a < 1, but become
physical lengths for a > 1 to prevent structures from being over-softened due to the
exponential increase in a during the deSitter phase. The initial conditions were gen-
erated by perturbing particles initially in a glass configuration. A glass configuration
is a distribution of particles such that the net force acting on each particle is zero.
Table 7.1 lists these simulation parameters. All simulations were started at redshift
z = 19 (scale factor a = 0.05) and were run into the far future, a = 100. Although the
starting redshift is somewhat late, it is consistent with the analysis by Power et al.
(2003) for a simulation of our resolution, and should present no problem for the late-
time results we are primarily concerned with. We store a total of 300 outputs equally
spaced in log(a) for each simulation. At a = 100 the universe is about 64h−1Gyr old
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200 3.97 × 1010 0.04 2563
50 6.20 × 108 0.01 2563
and structure formation has preceded to completion in a ΛCDMcosmology (Busha
et al., 2003; Nagamine & Loeb, 2003). The simulations were run on 16 nodes of a
dual-Opteron Beowulf cluster at the University of Michigan.
The initial power spectrum for our CDM simulations was set using CMBFAST (Seljak
& Zaldarriaga, 1996) in accordance with WMAP year 1 data (Spergel et al., 2003).




where kc is the truncation scale and C a normalization coefficient that allows us to
set σ8. Figure 7.1 plots our input spectra, with P0 as the solid line and Pt as the
dashed line. For our simulations, we choose a truncation scale of kc = 0.511hMpc
−1,
which corresponds to a mass scale of Mc = 8.09× 1013h−1M⊙ (2037 particles for our
lower resolution simulations and 130,396 at the higher resolution). This truncated
spectrum was re-normalized to σ8 = 0.9 so that high mass halo abundances would
be similar. As noted earlier, phase information was retained for each resolution pair,
resulting in similar large scale structures (Figure 7.2) and allowing us to identify
corresponding halos in the two cosmologies.
Equation (7.1) represents a transfer function that differs from the standard trans-
fer function for a WDM cosmology. Generally, the mass of the WDM particle, mW
sets a free streaming length, Rf = 0.2(ΩW h
2)1/3(mW /1keV)
−4/3Mpc (Sommer-Larsen
& Dolgov, 2001), which approximates the WDM power spectrum through the relation
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Figure 7.1. The input power spectra for the ΛCDM(sold line) and WDM (dashed line) simulations.
The ΛCDMspectrum is calculated using CMBFAST . The WDM model adds an exponential cutoff
to the ΛCDMmodel at a mass scale of 8.09 × 1013h−1M⊙. Both spectra were normalized so that
σ8 = 0.9. The light gray boxes represent the range between the fundamental and Nyquist frequencies
for the small (top) and large (bottom) volume runs. The hatched-line boxes show the range between
the Nyquist and softening frequencies for a ≤ 1. For a > 1, the softening is constant in the physical
frame and its corresponding wavenumber grows with k ∝ a in this comoving representation.
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This spectrum has a slightly more gradual cutoff than equation (7.1). It should be
noted that we refer to our truncated models as “WDM” cosmologies even through
they were not created using this transfer function. For reference, our truncated
model most closely approximates a WDM cosmology with mWDM = 0.13keV and
Rf = 1.6Mpc.
The evolution of the resulting density fields of the simulations are shown in Figures
7.2 and 7.3. Figure 7.2 shows a slice the comoving density field from our smaller
volume CDM and WDM simulations at a = 0.3, 1, 3, and 100. The differences between
these two models are striking, especially at a = 0.3, where the CDM cosmology
exhibits a well-formed web with an abundance of small halos. The WDM cosmology,
in contrast, has a mostly uniform density, with only one visible halo and a handful
of weak filamentary structures making up the cosmic web. A clear cosmic web does
rapidly develop in the WDM simulation, however, and by a = 1 similar large scale
structures are present in both cosmologies, even though there is a strong suppression
of small halos in the WDM filaments. By a = 3, the large scale density field is set
and undergoes little evolution from a = 3 to 100. Once the cosmological constant
becomes dominant the growth function saturates, ending halo formation and freezing
the comoving web. Halos continue to contract in this comoving picture, and by
a = 100 they consist of small, tightly bound knots along and at the intersection of
filaments.
Figure 7.3 shows the evolution of the density field in a fixed physical region.
Here, we focus on the evolution of a particular CDM halo with mass M200 = 5.38 ×
1014h−1M⊙ and its counterpart in the WDM cosmology (see §7.2.3). While much of
the late time growth is identical (such as the major merger around a = 1), the initial
formation processes differ substantially. At a = 0.3, there are many low mass CDM
103
Figure 7.2. The density fields of comoving slices of the cosmic web at a = 0.3, 1, 3, and 100
(columns, left to right) of a ΛCDM(top) and WDM (bottom) cosmologies from our small volume
simulations. The side length for each image is 35h−1Mpc, with thickness 5h−1Mpc. The grey-scale
is proportional to log(ρ/ρ̄).
progenitor halos present, while the WDM halo looks like a weak (uncollapsed) pertur-
bation in an otherwise smooth background. This difference is manifest throughout all
plotted epochs by the persistent lack of substructure in the WDM halo at the three
later epochs.
One way to quantify the expected suppression of hierarchical buildup is to look
at the critical mass scale, M∗(a), where one expects a perturbation to go non-linear





Here, σ(M) = (2π)−3
∫∞
0 P (k)W̃
2(M, k)d3k, W̃ is the Fourier transformation of the
top-hat window function, D(a) is the linear growth function, and δc = 1.686 is the
linearly extrapolated criterion for collapse of an overdense perturbation in an Ωm = 1
universe. (Press & Schechter, 1974; Peebles, 1980). The factorD(a) can be calculated








Figure 7.3. The density field around a large halo at a = 0.3, 1, 3, and 100 (columns, left to right)
from our small volume simulations. The top row shows the largest halo from the ΛCDMcosmology
(M200 = 5.38 × 1014h−1M⊙ at a = 100) and the bottom row shows the corresponding WDM halo
(M200 = 5.24×1014h−1M⊙ at a = 100). The side length for each image is 12h−1Mpc, with thickness
6h−1Mpc in physical units. The grey-scale is proportional to log(ρ/ρc).
and is normalized such that D(1) = 1. The left panel of Figure 7.4 shows the
amplitude of 2σ(M) perturbations as a function of M at the present epoch. The
horizontal dotted line shows the critical scale, δc = 1.686. The right panel of Figure
7.4 shows the evolution of M2σ(a) — the mass of a 2σ perturbation that goes nonlinear
as a function of cosmic time. In both cases, the solid line represents the full power
spectrum model and the dashed line represents the truncated power spectrum model.
We consider 2σ perturbations because, in our WDM cosmology, 1σ perturbations
do not collapse until a = 1.33 and are prevented from growing substantially by the
cosmological constant. The normalization σ8 = 0.9 boosts the power at large mass
(M > 1014h−1M⊙) in the WDM model relative to the CDM case and causes the
largest perturbations to collapse slightly earlier and with larger asymptotic masses in
the WDM model. We also expect no structures in the WDM cosmology for a < 0.4,
agreeing with Figure 7.3 in which the most massive halo of the simulation has yet to
form a coherent structure prior to this epoch.
Dark matter halos in our simulations are identified using a standard friends-of-
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Figure 7.4. Left: Rare (2σ) perturbation amplitude as a function of mass at a = 1 for the
ΛCDM(solid line) and WDM (dashed line) models. The vertical lines show the mass scales for 100
particles at the two resolutions. Right: Characteristic collapsed mass as a function of scale factor
for the ΛCDM(solid line) and WDM (dashed line) cosmologies. The solid horizontal lines show the
mass scales for 100 particles at the two resolutions.
friends (FOF) algorithm with linking length 0.15 times the inter-particle spacing.
Halo centers are identified as the most bound particle of the resulting group. As
a mass measure capable of spanning both early and late times we use M200, the
mass of all particles inside a sphere of radius r200 with over-density 200 times the
critical density, ρc. In previous work, we found the M200 provides a good proxy for
the asymptotic halo mass and is roughly half the value of the ultimate halo mass,
M200 ≃ 0.5Mhalo (Busha et al., 2005). The halo velocity is defined to be the center
of mass velocity of all particles within r200.
Subhalos were identified using the SUBFIND routine (Springel et al., 2001a). This
routine works on top of an FOF group and identifies density maxima within halos
from an SPH smoothing kernel that uses the distance to the 32nd-nearest neighbor to
obtain local density estimates. Subhalos are then selected as locally overdense regions
containing at least 20 bound particles. The largest subhalo identified by SUBFIND is
actually the host halo of the FOF group. At a = 100, this host halo should correspond
to the actual equilibrated halo as defined in Busha et al. (2005), minus any locally
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bound subhalos. A comparison between these mass estimates shows good agreement,
with the masses agreeing to within 1%.
Throughout this chapter, we use several scale radii. Halo sizes are defined using
r200 (see above) and rhalo, the spherical radius containing all bound particles (which
is only defined for a >∼ 5, see Busha et al. 2005). Additionally, we fit NFW and









which adds the scales rs (the radius where the best fit NFW profile has logarithmic
slope −2) and rc (where the best fit Hernquist profile has slope −2.5). Generally, we
find that rhalo = 4.6r200 and rs = 0.4rc (see §7.3.3, Busha et al., 2005).
7.2 Comparisons Of The Dark Matter Distribution
In this section we compare properties of the distribution of dark matter halos in our
simulations, including the evolution of the power spectrum, the halo mass function,
the correspondence between CDM and WDM halos, and the formation of WDM halos
below the truncation scale.
7.2.1 Evolution of the Power Spectrum
Figure 7.5 shows the evolution of the power spectrum for all four of our simulations at
the epochs a = 0.3, 1, 3, and 100. The solid lines represent the CDM cosmologies and
the dashed lines the WDM spectrum. The power spectrum is shown in dimensionless
units, ∆2(k) ∝ k3P (k). Power spectra for the large and small volume simulations
are combined, allowing us to probe a larger range in k. The arrows represent the
softening lengths for the large and small volume simulations at the plotted epoch.
The collapse of non-linear structure creates substantial power beyond the Nyquist
frequency, which we measure using the tiling method of Jenkins et al. (1998). The
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spectra are plotted from the fundamental simulation frequency out to a wavenumber
where the shot noise of a Poisson distribution of particles becomes comparable to the
measured power.
At a = 0.3, when non-linear structure formation is in its early stages, the power
spectrum of the WDM model is heavily truncated above kc. By the present epoch,
much of this suppression has disappeared due to power transfer from collapsing struc-
tures, and the WDM cosmology matches the CDM model almost perfectly at low and
intermediate wavenumber, up to an order of magnitude above kc. Relatively little
happens to the power spectrum beyond a = 1. As noted earlier, the dominance of Λ
halts the growth of structure beyond a ∼ 3 and causes the power spectrum to freeze
after only a modest amount of additional evolution. Since Figure 7.5 plots the power
spectrum in comoving space, beyond a = 1 the expansion of the universe transfers
power to larger scales with no real change in the shape of the spectrum. For most of
the measurable range, 0.1 < k < 100hMpc−1, the power spectrum is well character-
ized by the expected power law, ∆2 ∝ k3, caused by the freezing of structure in an
expanding universe. Collapse, however, has not managed to elevate the WDM power
spectrum up to that of the CDM model at all scales by a = 3, and a small suppression
of power at the highest wavenumbers persists at a = 100. This suppression is due to
the lack of low mass halos. If we measure the halo power the spectrum using only
halos with M200 > Mc we recover spectra that are identical at the few percent level,
which indicates that the distribution of halos on scales greater than Mc is statistically
unchanged.
The evolution of the power spectrum in WDM cosmologies was studied previously
by White & Croft (2000) and Knebe et al. (2002). These studies present results similar
to ours. By a ∼ 0.5, non-linear collapse has boosted the truncated portion of the
power spectrum substantially. agreeing with a ΛCDMmodel for k < 10hMpc−1 with
only a slight suppression for larger k.
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Figure 7.5. The evolution of the power spectrum for halos in CDM (solid lines) and WDM (dashed
lines) cosmologies. The spectra are shown at a = 0.3, 1, 3, and 100. Power spectra from the small
and large volume realizations are laid on top of each other. The dotted vertical lines represent the
truncation scale, kc, and the arrows show the softening scales for the large and small volume runs.
The spectra are plotted from the fundamental frequency of the simulation volume to the frequency
where the shot noise becomes comparable to the measured power, generally ∼ 0.1ksoft.
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7.2.2 Mass Function
Figure 7.6 shows the mass function for our large volume CDM and WDM simulations
at a = 1 and 100. Errors are calculated assuming Poisson statistics and the vertical
dotted line is the truncation scale, Mc. Here, the dark lines represent the ΛCDMmodel
and the light lines the WDM version. For comparison, the figure also shows the







d ln σ−1(M, a)
d lnM
×
exp[−| lnσ−1(M, a) + B|ǫ], (7.7)
where A, B, and ǫ are fitting parameters. Two mass values are used in this plot to
compare with published JMF parameters: FOF masses with a linking length b = 0.164
(upper curves, Jenkins et al. 2001) and M200 from a spherical overdensity groupfinder
(SO, lower curves, Evrard et al. 2002). The fitting parameters are listed in Table 7.2.
For the a = 100 spherical overdensity JMF, we used the ΩM = 0 parameters from
Evrard et al. (2002). Although not shown, The Sheth & Tormen mass function with
published parameters (Sheth & Tormen, 1999) agrees quite well with the JMF FOF
mass function at all epochs. While the agreement between FOF masses in the CDM
cosmology and equation (7.7) is good for a = 1, a substantial mass excess is present in
the mass range 1013 < MFOF < 5× 1014h−1M⊙ at a = 100. Additional simulations of
this cosmology confirm that this excess is significant and not a result of one particular
realization. The use for FOF masses in measuring the mass function does create dif-
ficulties in the far future because the FOF groupfinder identifies isosurfaces relative
to the background matter density, which is dropping rapidly from the exponential
expansion. Compared with the critical density, the physical density isosurface iden-
tified by a FOF groupfinder is ρFOF = [(a
6Ωm,0)/(Ωm,0 + a
3ΩΛ,0)]b
−3ρcrit. By a = 3,
ρFOF = 3.5ρcrit, which includes a substantial amount of material outside the virialized
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Table 7.2. Mass Function Parameters:
Mass Function A B ǫ
JMF – FOF(0.164) 0.301 0.64 3.88
JMF – SO(200, a = 1) 0.220 0.73 3.86
JMF – SO(200, a = 100) 0.199 0.76 3.90
Figure 7.6. The mass function for the CDM and WDM cosmologies (dark and light curves) at
a = 1 and 100 for our larger volume simulations. The upper curves show the FOF(0.164) mass
function and the lower curves the SO(200) mass function. The FOF(0.164) function has been offset
vertically for clarity. The dashed lines represent the Jenkins et al. (2001) models. The vertical
dotted line shows the truncation scale. Error bars assume Poisson statistics.
region of a halo that is unbound and being pulled away by the Hubble flow (Busha
et al., 2005). At late epochs, MFOF is a poor proxy for the actual (virialized) mass
of a halo. The M200 mass function, however, does not suffer from this defect. The
a = 1 result agrees with Evrard et al. (2002) to ∼ 20% in number, approximately the
quoted statistical accuracy. The parameters are slightly off, however, due to insuffi-
cient mass resolution of the simulation. The a = 100 mass function does provide a
substantially better agreement than the FOF mass function, fitting to within about
2σ at all masses.
The mass function for the WDM cosmology exhibits a striking suppression for
low masses, beginning slightly above the the truncation scale, Mc (dotted vertical
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line). An unexpected upturn appears in the WDM model at the lowest masses ( <∼ 50
particles) for FOF halos. Bode et al. (2001) and Knebe et al. (2002) claim that
this behavior is a result of physical halos forming through fragmentation from Jeans
instability. However, such an upturn is not present in the SO mass function and
we show evidence in Appendix C that it is actually a numerical artifact of the FOF
groupfinder. We have also calculated JMF and ST fits for our WDM cosmology,
which do not fit as well as in the ΛCDMcosmology. Both the JMF and ST mass
functions strongly over-predict the abundance of halos with masses M < Mc. The
poor fit in the range 1013h−1M⊙ < M < 8 × 1013h−1M⊙ should not be surprising
because equation (7.7) was motivated by a perturbation collapse threshold, similar
to the Press-Schechter (1974) model, which uses spherical collapse to determine a
collapse epoch. As we discuss in the next section, WDM halos with mass below Mc
form out of larger mass perturbations that do not follow this model, at odds with the
assumptions of Press-Schechter.
7.2.3 Halo Correspondence
Because we used the same phases in constructing the initial conditions, we can cross-
match halos in the CDM and WDM cosmologies using a Lagrangian scheme. We
select a FOF halo in one cosmology (usually ΛCDM) and identify for the largest halo
in the other cosmology containing at least 50% of particles of the selected halo. When
starting with a ΛCDMhalo, we don’t allow any two WDM halos to be identified with
the same ΛCDMhalo. This simple method is robust for massive systems, and corre-
sponding halos are found for 98% of all halos with M200 > Mc = 8.08 × 1013h−1M⊙.
The “missing” halos are lost because the smoothing of the power spectrum causes
distinct halos in the CDM cosmology to form as single halos in the WDM run. Our
requirement that each WDM halo have only a single CDM counterpart prevents all
but the most massive of these CDM halos from having a WDM counterpart. If
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we relax this correspondence requirement, all CDM halos with MFOF > Mc have
WDM counterparts. Figure 7.7 shows the masses of corresponding halos in the
WDM and ΛCDMmodels. At higher masses (M200 > 2Mc) the masses are simi-
lar, M200,CDM ≈ M200,WDM with about a 6% scatter. As the mass falls below the
truncation scale, Mc, the WDM halos become less and less massive relative to their
CDM counterparts, eventually disappearing altogether. There are a few extreme
outliers from the general relationship. Halos with a low MWDM/MCDM (the three
halos with M200,CDM ∼ 1014h−1M⊙ and M200,WDM ∼ 2×1012h−1M⊙) are CDM halos
in filaments that never completely collapse in the WDM cosmology. Most of their
particles are located in a spray along the filament, but there is a small WDM halo
in the filament with ∼ 90% of its members in the CDM halo. The halo with the
M200,WDM ≫ M200,CDM is a rare occurrence where many small CDM halos (∼ 10)
were merged into a single, much more massive halo in the WDM cosmology.
Also plotted in Figure 7.7 is the completeness function for identifying correspond-
ing halos. Virtually all ΛCDMhalos with M200 > Mc have corresponding WDM
halos, but the completeness function drops very rapidly for M200 < Mc, the mass
range where halo formation is strongly suppressed.
7.2.4 Sub-Truncation Scale Halos In WDM
One surprising observation from the WDM simulations is that many halos form with
mass scale M200 well below the truncation scale, Mc = 8.08 × 1013h−1M⊙. Although
physical halos with M200 < Mc account for only a few percent of all collapsed mass,
these halos represent a substantial population by number. Previous WDM stud-
ies have addressed the formation of sub-truncation scale halos and reached differ-
ent conclusions. Bode et al. (2001) and Knebe et al. (2003) claim that such halos
form through top-down fragmentation, while Avila-Reese et al. (2001) and Götz &
Sommer-Larsen (2003) argue that small halos originate due to finite resolution ef-
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Figure 7.7. A comparison of the M200 values for corresponding halos in the ΛCDMand WDM runs
at a = 100. The dashed vertical line denotes the truncation scale. Halos with M200 ≫ Mc have
roughly the same mass with a scatter of about 6%. The light line shows the probability for finding
a WDM halo corresponding to a ΛCDMhalo of a given mass.
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fects and grid like initial conditions. Wang & White (2007) go further, arguing that
finite resolution effects are also responsible for creating such halos even with glass
initial conditions. We argue that some of this confusion between fragmentation and
numerical artifacts arises because these halos generally fall into two categories: more
massive halos (M200 <∼ Mc) are genuine structures whose statistical presence is pre-
dicted from collapse models such as Bertschinger (2006), who calculated that the mass
fraction should have a long tail extending well below the dark matter free streaming
length. At very low masses, however, our FOF mass function turns up dramatically
(see Figures 7.6 and C.1), and we argue that halos below this mass are numerical
artifacts. In this section, we discuss the presence and formation of the more massive
sub-truncation halos and argue that they form through the “incomplete” collapse of
massive density perturbations due to limitations of the spherical collapse model. We
discuss the smaller halos, which we argue are numerical artifacts, in Appendix C.
In order to understand the formation of more massive sub-truncation scale ha-
los, we first note that all WDM halos in the small volume realization with M200 >
0.0125Mc = 10
12h−1M⊙ have CDM counterparts, indicating that these halos are not
purely numerical artifacts resulting from our truncation process. Additionally, exam-
ining the initial conditions and measuring Mpert, the mass of the perturbation out
of which the halo forms calculated with the spherical collapse model, we see that
Mpert is never less than 0.2 × 1014 = 0.25Mc. From these observations we note that,
as discussed in Katz et al. (1993), there is not a strong relation between Mhalo, the
final collapsed halo mass, and Mpert. A given perturbation is free to collapse to a
halo of any size such that Mhalo <∼ Mpert. Indeed, we see the same effect for a sim-
ilar number of halos in this mass range in our CDM cosmology. This now raises
the (cosmology-independent) question, why do some large perturbations collapse to
objects with Mhalo ≪ Mpert? Certainly this could be related to the top-down frag-
mentation method proposed by Bode et al. (2001) and Knebe et al. (2003), but
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this implies that ∼ 20% of CDM halos also form top-down instead of hierarchically.
The answer appears to come from a shortcoming of the spherical collapse picture we
have presented above. Cosmological collapse actually proceeds triaxally, and strains
caused by the surrounding environment typically have a significant effect (Bond &
Myers, 1996; Sheth et al., 2001). In particular, the collapse threshold in the ellipsoidal
collapse model, δec, grows with the ellipticity of the initial perturbation, causing non-
spherical perturbations to collapse to lower masses than predicted from the spherical
collapse model. A comparison of the ellipticity of halos with Mpert < Mhalo with
those that collapse to Mpert = Mhalo reveals that the halos that don’t collapse to
their spherical model prediction have initial strains that are several times larger than
those that do collapse to their spherical prediction. From this we conclude that all
halos with mass greater than the upturn in the mass fraction (see Appendix C) are
not numerical in nature but arise through the standard halo formation process.
7.3 Comparison Of Halo Properties
This section compares properties of individual halos in our CDM and WDM cosmolo-
gies. In particular, we focus on the mass accretion histories, subhalo abundance, and
density profiles. In spite of some substantial and fundamental differences in the first
two properties, the form of the radial density profiles is unchanged between the CDM
and WDM cosmologies. Furthermore, halo concentrations follow the same relation
with formation epoch in both models.
7.3.1 Mass Accretion Histories
One property for which we expect a clear difference between CDM and WDM halos
is the halo mass accretion history (MAH). For the WDM model, the reduced merger
activity should result in a smoother MAH since mass is primarily accreted in the form
of diffuse material. The suppression of power at large k also alters the characteristic
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collapse mass at low mass/early times (Figure 7.4, right panel). The implication is
that halos will form later and more rapidly (in the sense of a larger d lnM/d ln a) in
a WDM cosmology.
The MAHs are measured using a halo’s most massive progenitor, where a pro-
genitor is any halo at a preceding output in which at least 50% of the FOF particles
end up in the subsequent halo. When comparing halos between the two runs, we
first select CDM halos from a given mass range and then select either their WDM
counterparts (as in Figure 7.7, ignoring CDM halos that have no match) or WDM
halos from the same mass ranges. These selection methods are nearly degenerate for
M200 > Mc, as shown in Figure 7.7. At lower CDM halo masses M200,WDM is strongly
suppressed, so the selection methods differ substantially. Generally, we prefer to con-
sider halos of similar final masses so that we do not have to worry about halos with
no counterpart.
Figure 7.8 shows MAHs for three halos in the full run (solid curves) and their
matched halos in the truncated run (dashed curves). These individual halos were
selected from our smaller volume run to have M200 ≫ Mc (dark curves), M200 ∼ Mc
(medium curves), and M200 < Mc (light curves) at a = 100 in the CDM cosmology.
As expected, the halos in the truncated model have smoother MAHs during the
initial halo growth phase and form slightly later, with these effects becoming more
pronounced for smaller halos. The overall shape of the MAHs for the halos with
M200 ≫ Mc is remarkably similar. While the most massive halo in the truncated
model has no progenitor before a ∼ 0.2, it grows quickly and catches up with the
CDM halo by a = 0.7. Afterwards, the two halos evolve almost identically, even
undergoing the same major mergers around a = 1 and 2. These mergers happen
slightly earlier in the WDM cosmology due to the increase in power at this scale from
our normalization σ8 = 0.9, which effectively starts the “cosmic clock” for these large
halos at a later time. In contrast with the these late-time similarities, the MAHs at
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Figure 7.8. The accretion history for three individual halos in the full run (solid curves) and their
corresponding halos in the truncated run (dotted curves). The halos were selected with M200 ≫ Mc
(dark curves), M200 ∼ Mc (medium curves), and M200 ≪ Mc (light curves) in the run with the full
power spectrum. The dotted horizontal line represents Mc.
a < 0.7 are substantially different. In the WDM scenario, a large mass perturbation
will collapse more or less as a unit, as soon as it goes non-linear. This collapse creates a
phase of smooth, rapid mass growth with d lnMWDM/d ln a ≫ d ln MCDM/d ln a. Once
the halo reaches M200,WDM ≈ Mc, the halo is the approximate size of its counterpart
in the CDM cosmology and d ln M200/d ln a drops to match the rate of the CDM
halo. The WDM halo then begins to accrete mass as already-collapsed clumps in a
quasi-hierarchical fashion. The CDM halos with masses M200 ≤ Mc, in contrast, have
corresponding WDM halos that never accrete mass in virialized clumps. The MAHs
of such WDM halos are much smoother and accrete the bulk of their mass in a single
period of rapid accretion.
Figure 7.9 shows ensemble average MAHs for halos from our large volume sim-
ulations. Here, the diamonds represent CDM halos and the crosses are WDM ha-
118
los. Halos from different mass ranges have been offset in time to make the figure
more readable. Both the CDM and WDM halos are selected to lie in the mass
ranges M200 = (2 − 4) × 1013h−1M⊙, (0.5 − 1.3) × 1014h−1M⊙, and > 4 × 1014h−1M⊙
at a = 100. Figure 7.9 shows many of the same trends observed in Figure 7.8.
For the most massive halos, the two cosmologies again show mass equality around
M200,CDM ≈ M200,WDM ≈ Mc, with the WDM halos accreting mass significantly faster
before this time. For M200 ≤ Mc, WDM halos form later and more rapidly than
CDM halos with similar mass. Also shown in the bottom panel of this figure are the
growth rates, d ln(M200)/d ln(a), of the halos and their fits to equation (7.9).
Wechsler et al. (2002, hereafter W02) proposed a fitting formula for the MAH of
a halo up to the present epoch of the form
M(a) = M0e
−(ac,W02/a0)S(a0/a−1). (7.8)
The free parameter S in this equation is used only in defining ac,W02, the creation
epoch for the halo, when d lnM/d ln a = S. We choose to follow their convention and
adopt S = 2. This formula is fit to our CDM MAHs over the range a = 0.2 − 1.0
(but continued out to a = 100) and plotted as the dotted curves in Figure 7.9. In
general, the fit is good for both CDM and WDM (not shown) models for a < 1,
but overestimates halo masses by a factor of 2 in the CDM run and more than an
order of magnitude for the WDM run at late times. If the fit is calculated for the
full range, 0.2 < a < 100, the late time asymptote is correct, but d ln M200/d ln a is
substantially lower than observed for either cosmology at all epochs. This behavior is
probably an indirect result of the coincidence problem — the surprising observation
that we live during the relatively short epoch where ΩM ≈ ΩΛ. The fit works well for
a < 1, even when calculated for just a fraction of the region and then extrapolated.
Although equation (7.8) was created for halos in a ΛCDMuniverse, a = 1 is not
much later than the equality epoch, aeq = 0.75, when Ωm,0 = ΩΛ. Once Λ becomes
the dominant component of the universe, the growth function quickly saturates and
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Figure 7.9. Top Panel: Average MAHs for CDM (diamonds) and WDM halos (plus symbols)
from our large volume simulations. The halos are selected from the mass ranges M200 = (1 −
4) × 1013, (0.5 − 1.3) × 1014, and > 4 × 1014h−1Mpc. The curves are offset in a by a factor of 2
(intermediate mass range) and 4 (low mass range) to make them easier to distinguish, but the short
vertical lines represent a = 1 for all mass ranges. The dotted curves are fits to equations (7.8) for
the CDM halos and the solid and dashed curves are fits to equation (7.9) for the CDM and WDM
cosmologies. Bottom Panel: The mass growth rates, d ln(M200)/d ln(a), of the halos and plotted
above and their fits to equation (7.9). Curves are offset in both the horizontal and vertical directions
to make them more distinguishable.
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halos cease to grow (Busha et al., 2005). Consequently, equation (7.8) approaches
its asymptote much more slowly than halos feeling the full effects of a dominant
cosmological constant. To capture the full histories in both cosmologies, we propose






where γ is the rate index which sets the mass growth rate through the relation
d lnM/d ln a = S(ac/a)
γ. This variable is introduced such that ac is still the epoch
where M(a) has a logarithmic slope of S, but γ sets how quickly a halo grows and
asymptotes to its equilibrium mass. When γ = 1 this generalized form reduces
to equation (7.8). We expect to recover γ > 1, which corresponds to more rapid
formation and faster asymptote behavior (see Figure 7.9)
The fits to equation (7.9) in Figure 7.9 (solid and dashed curves for CDM and
WDM halos) closely follow the measured MAHs. They provide good agreement over
all epochs and work equally well for both CDM and WDM halos. Although not
shown, the errors for this fit are generally <∼ 5 − 10%, depending on the number
of halos we average over. Figure 7.10 compares ac,W02, from equation (7.8), and ac
from our modified form, equation (7.9), with dots representing halos from the large
volume simulations, and crosses are from the small volume simulations. In the CDM
cosmology (left panel), ac,W02 = 2.7a
1.4
c with a 27% scatter. The few WDM halos with
ac,W02 < 1 are also well described by this relation. In both cases, there are several
halos with ac,W02 > 1. These are typically halos that first appear around a ≥ 0.7 and
have rapid growth phases, powered either by major mergers or the collapse of a sub-
truncation scale perturbation in the WDM cosmology. These formation epochs, based
on equation (7.8), appear unphysical since they give formation epochs in the period
of exponential expansion when halo growth has stopped. Equation (7.9) resolves
this issue by increasing the halo rate index, resulting in a substantially lowered ac
which pulls these halos significantly above the measured linear relation between ac
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Figure 7.10. Comparison of the formation epochs defined by W02 (equation [7.8]) and our gen-
eralization (equation [7.9]). The left panel represent halos from the CDM run and the right panel
shows WDM halos. Dots are halos from the large volume run and crosses are from the small volume
run. The dotted line shows an exact correspondence and the solid black line is a polynomial fit to
the CDM halos.
and ac,W02.
Figure 7.11 plots the variation of ac (top panels) and γ (bottom panels) with mass
for CDM (left panels) and WDM (right panels) halos. Again, dots represent halos
from the large volume realizations, and crosses are halos from the smaller volumes.
Common to both the left and right panels are average trend lines for the CDM
(solid curves) and WDM (dashed curves) halos. The plot shows all halos from our
simulations that are well resolved at the end of the simulation (M200 > 400 particles
for the large volume realizations and M200 > 1000 particles for the smaller volume
realizations — see Appendix C for a further discussion). At the high mass end,
M200 > 2Mc = 2 × 1014h−1M⊙, the average ac’s differ by only ∼ 10%, less than the
scatter for either cosmology. The rate index, γ, however, is about 50% higher in the
WDM cosmologies at these high masses, reflecting the steeper MAHs presented in
right side of Figure 7.9.
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As mass decreases, both ac and γ behave differently in the two cosmologies. The
formation epoch decreases with mass in the CDM runs (in accordance with “bottom
up” structure formation) but actually increases with mass in the WDM cosmologies.
The number of WDM halos that exist with M200 ≪ Mc — all with later formation
times than halos with mass greater than Mc — again suggests that most small halos
form through an instability of regions inside larger structures. This claim is consistent
with our picture of sub-truncation scale halos forming through incomplete collapse of
larger perturbations. For CDM halos, we again see the presence of the hierarchical
structure formation from the fact that γ is relatively constant throughout the entire
mass range, γ ≈ 2 with modest scatter. In contrast, the WDM cosmology has γ
increasing with lower masses, roughly as γ ∝ M−0.2200 . The spray of particles with
ac and γ much larger than the averages in the CDM cosmologies is a result of the
difficulty in measuring these parameters for poorly resolved halos. The MAH cannot
be measured accurately for halos that do not grow substantially above our resolution
limit, and consequently our fit parameters have large uncertainties. The mean relation
is actually within these uncertainties for all the low mass halos.
We also compare our modified MAH fitting formula with the model of W02 in
the range of halo formation up to the present epoch in Figure 7.12. In this figure,
we compare the residuals of fits of the average MAH to equation (7.9), fit from
a = 0.3 − 100 (dark line) and a = 0.3 − 1 (medium line) with equation (7.8) fit from
a = 0.3 − 1 (light line) for different mass ranges taken from our CDM simulations.
The RMS values for the residuals in ln M are shown in Table 7.3. While the rms
residual between our modified fitting formula from a = 0.3 − 100 is approximately
a factor of 2 lower than the W02 model for all mass ranges, equation (7.9) fit from
a = 0.3 − 1 offers a substantial improvement over equation (7.8), decreasing the
rms residual by a factor of 5 or more at the plotted masses. The introduction of
γ is apparently an important correction for the early time MAH growth as well as
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Figure 7.11. Top Panels: The dependence of halo’s formation epoch (ac in equation [7.9]) on mass.
The left panel shows halos from the CDM run, and the right halos from the WDM cosmology. Dots
represent halos from the large box run, and crosses are from the small box run. The solid and dashed
curves show the trend of ac mass for the CDM and WDM cosmologies, and the vertical dotted line
is Mc. Bottom Panel: Same as the top panel, but now plotting the behavior of γ, the amplification
factor of equation (7.9), as a function of mass.
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Table 7.3. RMS residuals of MAH fits:
M200[h
−1M⊙] Equation (7.9): Equation (7.9): Equation (7.8):
a = 0.3 − 100 a = 0.3 − 1 a = 0.3 − 1
(0.6 − 1.2) × 1014 0.14 0.044 0.21
(3 − 6) × 1013 0.14 0.036 0.31
(1.5 − 3) × 1013 0.15 0.088 0.43
Table 7.4. MAH Parameters:
M200[h
−1M⊙] ac,W02 ac ac γ γ
0.3 − 100 0.3 − 1 0.3 − 1 0.3 − 100 0.3 − 1
(0.6 − 1.2) × 1014 0.54 0.47 0.52 2.0 1.5
(3 − 6) × 1013 0.53 0.50 0.52 2.1 1.6
(1.5 − 3) × 1013 0.48 0.48 0.50 2.3 1.8
the late time asymptote. Table 7.4 lists the values for ac and γ for the profiles of
Figure 7.12. The fits are robust in the sense that ac does not change substantially
depending on how the MAH is calculated. In all cases, however, the best fit returns γ
substantially larger than 1, and may have some mass dependence. The exact value of
γ depends strongly on the fit range, with fits out to a = 100 requiring a larger value
in order for the MAH to asymptote properly. These larger values of γ in turn push
ac slightly earlier. Fitting in the range 0.3 ≤ a ≤ 1, results in γ ≈ 1.6 with values
for ac that differ from those of the W02 model by only 4%. While our average halo
MAHs all appear to have γ > 1, there is a much larger spread when considering fits
for individual halos. Here, γ ranges from 0.2− 10 and the fits have residuals that are
typically 20% lower than those of equation (7.8).
7.3.2 Halo Substructure
In this section, we compare the subhalo distribution of our CDM and WDM cos-
mologies, considering only halos from our smaller volume simulations. While these
125
Figure 7.12. Residuals of average MAHs to various fits. The dark lines are the residuals to
equation (7.9) fit in the range a = 0.3 − 100. The medium lines also use equation (7.9), but
the fit is calculated over a = 0.3 − 1. The light lines fit the model of Wechsler et al. (2002),
equation (7.8), to the range a = 0.3 − 1. The halos are in the mass ranges (top to bottom)
M200 = (0.6 − 1.2) × 1014, (3 − 6) × 1013, (1.3 − 3) × 1013h−1M⊙.
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simulations do not contain a statistically large number of halos, the larger volume
simulations do not have the necessary resolution to accurately describe the subhalo
population.
Not surprisingly, the most dramatic difference between the subhalo populations of
our CDM and WDM halos is their abundance. In the CDM simulation, the average
number of subhalos with M > 1.24×1010h−1M⊙ (20 particles) is roughly proportional
to the mass of the host halo, n̄subs ∝ M200 at a = 1. For host halos of all masses,
approximately 10% of the host mass is in bound substructures at this epoch, a value
consistent with previous studies (Klypin et al., 1999). In contrast, for the WDM
cosmology n̄subs ∝ M0.4200, with only about 5% of the host mass in bound subhalos. By
a = 100 in the CDM cosmology, the slope of the number of subhalos with mass has
not changed substantially, n̄subs ∝ M1.2200, but many subhalos have been destroyed, and
only 0.3% of the mass of an average halo is contained in substructure. The steepening
of the slope is caused by a more efficient destruction of subhalos in hosts with lower
masses. Small halos today contain smaller, more weakly bound, subhalos than larger
hosts. Additionally, these small halos undergo fewer future mergers to replenish their
subhalo population. By contrast, with the exception of the single largest WDM
halo, none of the WDM halos contain any substructures at a = 100. Even this
largest halo has only n̄subs = 2, as opposed to n̄subs = 137 in its CDM counterpart.
Surprisingly, the shape of the subhalo mass function, dnsub(Msub)/d ln(Msub/MHost),
does not change substantially between today and a = 100. The mass function is
truncated at the high mass end (Msub/MHost > 0.01) and is slightly steepened. This
is due to the increased effect of dynamical friction on more massive objects, pulling
them towards the center of the halo where they are more easily disrupted and stripped
of mass.
Figure 7.13 shows the evolution of the average number of subhalos in halos of var-
ious masses. CDM and WDM halos of all sizes show similar evolution in the average
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number of subhalos. For a ≤ 3, mergers create substructure, resulting in an increas-
ing n̄subs(a). After mergers end, a ≈ 3, no new subhalos are accreted and existing
subhalos gradually fall inward and are disrupted due to dynamical friction and tidal
forces. The number of subhalos in the WDM cosmology, however, drops much more
rapidly than in the CDM cosmology. The primary reason for this difference is the
lower binding energy of the subhalos caused by the later formation epoch of low-mass
WDM halos. When these halos accrete onto more massive halos, they are much more
prone to disruption and consequently have a shorter life, as discussed in Clóın et al.
(2000). While WDM subhalos are formed with a lower binding energy/density, most
other properties, including their average velocity, velocity dispersion, and mass, differ
very little between the CDM and WDM models. The only other systematic difference
is the average distance a subhalo lives from the center of its host — WDM subhalos
tend to live further out. This is also related to the lower binding energy of WDM
subhalos, since they are more easily disrupted when they move closer to center of their
host. As a measure of subhalo destruction, we have fit the evolution of n̄sub during
the late-time deSitter expansion (when the host halos are no longer being disrupted




where the subscript m denotes the epoch where the subhalo population is at its
maximum, and α′ is the subhalo decay rate, with α′ = Hα = α0.0856Gyr−1h for our
Λ-dominated cosmology (H = H∞). For our CDM halos, we get α = 0.38 ± 0.03,
while for the WDM halos there is a much more rapid decay, α = 1.1 ± 0.2, yielding
subhalo half-lives of 21 ± 2 and 7.4 ± 1h−1Gyr, respectively. Figure 7.13 makes it
appear that equation (7.10) fits better for lower mass halos. This, however, is an
artifact of the fact that we have only a few high mass halos in each simulation, giving
us poor statistics.
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Figure 7.13. The evolution of the average number of subhalos in host halos of various masses. The
solid curves indicate CDM halos, and the dashed WDM halos. At a = 100, the halos have masses
M200 = (2−4)×1013(light line), (0.5−1.3)×1014(medium line), and > 4×1014h−1M⊙(dark line).
The dotted lines show fits to equation (7.10).
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7.3.3 Density Profile
The radial density profile is one of the most fundamental halo properties. Previous
WDM studies (Moore et al., 1999b; Coĺın et al., 2000; Bode et al., 2001) indicate that
WDM halo density profiles do not differ substantially from their CDM counterparts,
and our simulations support this finding. Figure 7.14 shows average density profiles
for all particles bound to halos from the CDM and WDM cosmologies at a = 100
from our smaller volume runs. The solid lines are CDM halos from the mass ranges of
Figure 7.9, and the dashed lines are WDM halos. The different mass ranges have been
offset and the density multiplied by r2 to make the differences between the various
profiles more visible. The halos can be described by an NFW profile, equation(7.5)
for the range 0.05r200 <∼ r <∼ r200. Here, rs and ρs are the the NFW scale radius and
density. The middle panel of Figure 7.14 shows the residuals to the NFW fits for the
nine plotted profiles, which generally fall in the ∼ 5% range.
Previous work (Busha et al., 2005) has shown that well before a = 100, halos in
a Λ-dominated universe develop clear edges at r ≈ 4.6r200. Beyond r200, the NFW
profile is much too shallow and the density profile for all bound material is better fit







where ρ0 and rc are the central density and core radius, and rhalo is the radial extent
of all bound halo material. Residuals to this fit are shown in the bottom panel of
Figure 7.14. This fit has larger residuals than NFW for r < r200, but has much
smaller residuals at larger radii and provides a good description of the halo out to its
actual edge.
As with the MAHs, there is little difference between the density profiles of the
WDM and CDM cosmologies for halos with M200 ≫ Mc. Specifically, for the plotted
profiles in this range, most differences are at the ∼ 1% level. Significant differences
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Figure 7.14. Top Panel: Average density profiles times r2 for all bound material in halos at
a = 100 from our smaller volume runs. Halos selected according to the mass ranges M200 =
(2 − 4) × 1013(light line), (0.6 − 1.3) × 1014(medium line), and > 4 × 1014h−1M⊙(dark line), with
the solid and dashed lines representing CDM and WDM halos. The profiles have been offset from
each other to make them easier to see. Middle Panel: Residuals of NFW fits to the above six profiles.
Bottom Panel: Residuals of truncated Hernquist fits (equation [7.11]) to the above six profiles.
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appear as we near the truncation scale, Mc, but, remarkably, the profiles are still
well fit by both the NFW and Hernquist profiles, as indicated by the residuals in the
bottom panels of Figure 7.14. We define the concentration in the usual way, c200 =
r200/rs. As noted above, the parameter rs is measured by fitting an NFW profile
to our profiles using logarithmically spaced radial bins in the range 0.05r200 − r200
(similar to Bullock et al., 2001). For equilibrated halos at a = 100, the steepness
of the halo density profile causes rs to change substantially if we fit to a different
radius. By increasing the outer fit radius to rvir ≈ 2.5r200 as in Bullock et al. (2001),
concentrations typically decrease by a factor of 2 or greater, depending on the mass
of the halo. A more robust concentration could alternatively be measured as chalo =
rhalo/rc from equation (7.11), although the definition using the NFW fit is more
standard (and our new definition is not well defined for a <∼ 3). The relation between
rc and rs is well fit by a power law, rc ∝ rνs , with ν = 0.974 ± 0.004, 0.88 ± 0.02
and proportionality constants 0.40 and 0.24 for the CDM and WDM cosmologies.
For what follows, however, we will continue to use the concentration defined with an
NFW fit.
Figure 7.15 shows the dependence of the concentration on mass for our halos at
a = 100. As with Figure 7.11, the left panel shows CDM halos and the right panel
WDM halos, with dots representing halos from the large volume realizations and
crosses halos from the small volume realizations. While not shown, the a = 100
concentrations are very similar to the a = 1 values. This should not be surprising in
light of the fact that halo growth is nearly complete at a = 1. As seen in Figures 7.8
and 7.9, M200 for CDM halos only grow by ∼ 30% between a = 1 and 100, saturating
around a ∼ 2 − 3. Similarly, concentrations for halos of a given mass increase by a
modest 10% during this time and reach their final value around a ∼ 2. Figure 7.15
follows many of the overall trends of Figure 7.11. Again, for M200 ≫ Mc the average
values for c200 differ by less than 10% for CDM and WDM halos and systematically
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diverge for lower masses. The low mass WDM halos are much “puffier” than similar
mass halos (or their counterparts) in the CDM simulations. W02 explained the trend
of changing c200 with M200 by identifying a relationship between c200 and ac, which
we have reproduced with our data in Figure 7.16. Both the CDM (left panel) and
WDM (right panel) halos follow a power law relation c200 ∝ a−βc , although there
is a substantial amount of scatter present in the CDM relation. For CDM halos,
β = 0.79 ± 0.2 (solid line), while the WDM halos have β = 0.86 ± 0.3 (dashed line),
values that are both within 2σ from the combined slope β = 0.79± 0.1 (dotted line).
This finding is similar to the c ∝ a−1c relation proposed by W02. Note that for W02,
r200 is replaced with rvir ≈ 2.5r200 at a = 100 (Eke et al., 1996). The explanation for
this trend is that c200 is a reflection of the average density at the time of collapse,
so that halos forming earlier should have higher concentrations, exactly as observed.
This trend holds even for WDM halos with M200 ≪ Mc. The right panel of Figure
7.15 shows that low mass WDM halos have lower concentrations, while the upper
right panel of Figure 7.11 demonstrates that such low-mass halos collapse later. This
picture is further enforced by a toy model for concentrations proposed by Eke et al.
(2001), modified to use our density threshold. Noting that in WDM models c200






so that the spectrum also decreases at low masses. From this equation, a collapse
epoch, ac,toy can be identified as the epoch where D(ac,toy)σeff (Ms) = 1/Cσ, where
Ms = M(< 2.17rs) (the mass contained within the radius where the circular velocity
of a NFW profile reaches its maximum) and Cσ is a fitting parameter. A central
density is defined as in Bullock et al. (2001) such that M200 = 4/3πr
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Figure 7.15. The concentration (c200 = r200/rs) as a function of mass for CDM and WDM halos
at a = 100. Dots represent halos from the large box run, and crosses are from the small box run.
The dark solid and dashed lines show average c200(M200) values for CDM and WDM halos, and
the vertical dotted line marks the truncation scale, Mc. The light solid and dashed lines show the
calculated c200(M200) relation from the toy model discussed in §7.3.3.
and set this density scale equal to our overdensity at the epoch of formation, 200ρcrit(ac,toy).







The only free parameter in this model is the constant Cσ, which we set equal to
32. The results of this model are plotted as the lighter curves in Figure 7.11. The
model characterizes the simulated halos for both the CDM and WDM cosmologies
at a = 100, and produces equally good agreement at earlier epochs. Our toy model
differs from that of Eke et al. (2001) only in that we define our halos in terms of
200ρcrit, as opposed to the epoch-dependent quantity ∆(a)ρcrit. We find that using
∆(a)ρcrit requires different values for Cσ at a = 1 and 100.
In all of our simulations, the density profile is well characterized by an NFW profile
for much of the halo’s radial extent, and that the quality of the fit does not depend on
whether a halo was taken from a CDM or WDM cosmology. The primary difference
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Figure 7.16. The a = 100 concentrations as a function of formation epoch, ac from equation (7.9)
for CDM and WDM halos. Dots represent halos from the large box run, and crosses are from the
small box run. The solid line is the trend-line for CDM halos, and the dashed line is the trend-line
for WDM halos. The dotted line is the trend-line for the combined sample of all CDM and WDM
halos.
between halos in these two models — the change in concentration parameter — follows
a simple relationship with the formation epoch that is relatively insensitive to how
the halos form: CDM halos that have accreted their mass as virialized clumps; WDM
halos with M200 > Mc that have formed through a period of rapid smooth accretion
followed by growth through accretion of clumps; and WDM halos with M200 < Mc
that have formed through a single period of rapid smooth accretion.
7.4 Conclusions
This work examines the effects of small scale structure and merger activity on the
formation and ultimate structure of halos in a Λ-dominated universe. Using N-body
simulations with an initial power spectrum that is truncated on small scales, we model
a WDM-like universe where the formation of early low-mass objects is suppressed
and compare the results to standard ΛCDMsimulations. Without these seeds for
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hierarchical growth, halos above the truncation scale form through an initial rapid
accretion phase, resulting in objects with mass M200 ∼ Mc = 8 × 1013h−1M⊙. These
objects can then grow through mergers with other large halos. Many halos also
form below the truncation scale through incomplete collapse of larger perturbations.
These halos form solely through a monolithic-like collapse process. Regardless of
their size, WDM halos typically form later and faster, with a larger Ṁ200(a) than
their counterparts in an ΛCDMcosmology.
To describe this rapid accretion, we generalize the Wechsler et al. (2002) mass
accretion history formula by introducing a rate index, γ, that controls the growth
rate evolution, d ln(M)/d ln(a) ∝ a−γ. This parameter is necessary in order to fit the
halo MAH into the far future. Otherwise, the halo mass approaches its asymptote
much too slowly. Additionally, for ensemble-averaged halo histories fit to the present
epoch (a ≤ 1), we recover γ ∼ 1.6, substantially higher than the γ = 1 assumed in
Wechsler et al. (2002). The larger γ reduces the RMS errors of the fit to the mean
MAHs by a factor of 5. Our generalization also reduces the number of objects that
have unphysical formations epochs, ac ≫ 1.
We have also calculated abundances and decay rates for substructure in our dark
matter halos. As expected, WDM halos contain much less substructure, and most
host halos destroy all of their subhalos by the end of our simulations at a = 100. The
decay of subhalos is (on average) exponential in time with half-lives 21Gyr and 7.4Gyr
for the CDM and WDM cosmologies. This is consistent with the picture discussed
below where later formation times create lower concentration objects that are more
prone to disruption.
Despite differences in the formation process and substructure abundance, WDM
halos exhibit NFW density profiles, just like CDM halos, albeit with a different
c200(M200) relationship. Halos in WDM cosmologies have lower concentrations than
their CDM counterparts, but follow the same c200(ac) relation, allowing us to relate
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concentration to mass in both cosmologies using a 1 parameter toy model that char-
acterizes the concentration using the linear power spectrum. This characterization is
motivated by the idea that the concentration is set by the cosmological background
density at the epoch of collapse. The form of the halo density profile persists, even
though the method of formation and amount of substructure is changed substantially
in our WDM cosmology. Taken together, our results suggest that the form of the halo
density profile is set not by merger activity, but instead through large-scale modes of
the gravitational relaxation process. Halos appear to be very efficient at erasing their
initial conditions and do not care whether their mass was accreted rapidly, slowly, in
clumps, or continuously. The only aspect of the density profile directly linked to the
halo formation process appears to be the concentration, which set by the formation
epoch, the epoch when the mass accretion rate drops to a specific value. In particular,
substructures and major mergers seem to have little effect in driving the equilibrium
structure of a halo.
CHAPTER 8
Conclusions
We live at a special epoch when the contributions of dark matter and dark energy
to the total energy budget of the universe are comparable. While the universe is in this
state, we can observe galaxies forming and growing through hierarchical processes,
but we can also detect the presence of the dark energy component that will soon
(on a cosmological timescale) end such growth. Because the universe exists in this
state only briefly, this is often called the coincidence problem. We live during the
rare epoch when we have the ability to understand both the past and future of our
universe.
Most studies attempting to understand the origin of the halo density profile ex-
amine halos at the present epoch. However, as we have shown, the a = 1 halos are in
a state of frustrated equilibrium, making it difficult to separate the relaxed material
from that which is unbound and unrelaxed. Because the halo is being substantially
affected by continuous mass accretion, it is impossible to study the structure of the
entire halo, whose boundary is poorly defined. This thesis provides an important
contribution by showing that, interior to r200, halo structure changes little between
today and the epoch where the entire halo has relaxed. In this chapter, we summarize
the major points of this dissertation and address some unresolved issues.
Using a suite of N-body simulations, we use the quiet, lonely future of the universe
to understand the equilibrium structure and distribution of dark matter halos. While
the far future of large scale structure is an aspect of structure formation to which
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little attention has been paid (aside from the work presented in this dissertation see
the papers of Nagamine & Loeb, 2003; Dünner et al., 2007; Hoffman et al., 2007;
and Krauss & Scherrer, 2007), such studies can yield a wealth of insight about dark
matter halos. In particular, this work emphasizes that structure formation is nearly
over (yet not quite complete) and that dark matter halos of the present epoch have
yet to fully relax. While these may seem like obvious points within the context of the
hierarchical growth model, they are nonetheless important to emphasize.
In order to understand halo equilibrium, chapter 4 addresses the halo sphere-
of-influence. This emphasizes that structure formation is incomplete at the present
epoch and that halos will grow substantially before reaching an ultimate mass. Using
energy considerations, we derived a critical overdensity of δ0 = 17.6 that determines
the boundary between material that will ultimately collapse into the halo and that
which is destined to remain unbound in a ΛCDM cosmology. Numerical simulations
validate this estimate at roughly the 10% level. While halos are still growing today,
the accelerated expansion of the universe will eventually cause halo growth to cease.
We also show that the cosmic web — the large scale distribution of halos —
remains relatively unchanged between today and the far future. Because of the dark
energy-dominated era, the accelerated expansion quickly causes the growth function,
D(a), to saturate, which prevents the future collapse of any perturbations that have
yet to go non-linear. Halos that have already formed will experience a limited amount
of growth by accreting material within their spheres of influence. This has only a
second order impact on the large scale matter distribution because substantial halo
growth is halted as the accelerated expansion overcomes gravitational attraction to
push halos further and further away from each other in the physical frame. The
comoving cosmic web becomes frozen in place as halos shrink to become smaller and
smaller objects in this frame.
We also examine the asymptotic halo density profile. We show that there is little
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evolution in the inner density profile (r < r200) out to a = 100, which remains similar
to the NFW profile. At larger radii, however, the profile becomes much steeper. Using
a fit for the time-evolving density profile, equation (4.16), we are able to estimate
the asymptotic form of the halo density profile as a → ∞ (assuming that halos
do not evaporate due to the true 2-body relaxation of the dark matter particles,
which happens on a vastly longer time scale than those considered here). Given this
asymptotic universal density profile, chapter 5 calculated the associated asymptotic
form of the halo metric. The idea that such a metric exists is a profound one. In the
far future, spacetime will consist of a flat background space-time that is occasionally
punctuated by isolated halos with nearly identical local metrics. This emphasizes
how we will return to a pre-1900 view of cosmology as the population of the universe
becomes a spray of isolated galaxies that are effectively island universes. As halos
establish their equilibrium, they become isolated from each other and are allowed the
relax without disruption from nearby material.
We examine the approach of halos to equilibrium in chapter 6. In particular,
we show that today’s halos exist in a state of frustrated equilibrium where accretion
events continuously disrupt halo relaxation. The halo radial velocity profile of today is
characterized by two zero-velocity surfaces: an inner surface internal to which material
is in hydrostatic equilibrium, and an outer surface external to which the Hubble flow
dominates over the gravitational attraction of the halo. Much of the material that
will ultimately be a part of the halo exists in a confusion region between these two
surfaces that contains both virialized material in stable orbits around the halo and
non-virialized material that has only recently been accreted and may not remain
bound. The various methods for sorting out the material living in this region are
responsible for the plethora of halo mass definitions. As Λ becomes more dominant,
accretion is turned off and the halo begins to relax. The inner hydrostatic surface
marches out toward and merges with the turnaround surface. As a consequence of
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this merging, the halo develops a well-defined edge and mass that is roughly twice
that of the final M200. Throughout this relaxation, the total amount of virialized
material in the halo roughly doubles.
While chapters 4-6 concentrated on the establishment of an equilibrium configura-
tion, little effort was made to understand the physical processes important for setting
this configuration. Chapter 7 considers the affect of mass accretion on the equilibrium
structure by running a suite of simulations with and without small-scale power, effec-
tively comparing ΛCDM and ΛWDM cosmologies. The absence of small-scale power
substantially alters the accretion history of dark matter halos. The formation of small
WDM halos is strongly suppressed relative to the CDM cosmology. While low-mass
halos are virtually non-existent, the distribution of high-mass halos in the WDM
cosmologies is relatively unchanged when compared to the CDM cosmologies. These
high-mass WDM halos accrete the bulk of their mass through a single, smooth, and
rapid accretion event that is minimally disrupted by merger activity, in stark contrast
with the hierarchical growth of CDM halos. The suppression of low-mass halos also
results in a strong suppression of the subhalo population in the large WDM halos.
In spite of these differences, the global properties of halo structure are essentially
unchanged between the two cosmologies. Halos of both cosmologies have density pro-
files that are equally well characterized by the NFW profile for sufficiently small radii.
The one persistent difference between the two cosmologies, the lower concentrations
of halos at a fixed mass in the WDM cosmology, is explained by later formation
epochs of the WDM halos. In particular, the form of the density profile is not set
by the method of mass accretion but must instead come from violent relaxation that
erases memory of the initial conditions regarding how mass is accreted.
Using the far future of the universe as a laboratory, this thesis has presented
a picture of the equilibrium structure of dark matter and an analysis of some of
the processes relevant in setting this structure. However, a number of unresolved
141
issues remain. The most obvious (and challenging) issue is the lack of an analytic
framework that would allow us to use the cosmological initial conditions (i.e., the
power spectrum P (k)) to predict both the halo distribution and internal structure, in
particular the NFW profile. This profile results from a collective relaxation process
that is nearly independent of the power spectrum, but identifying and understanding
the exact process remains elusive. There are a number of ways to approach this issue.
One method would be to study the evolution of the halo phase space structure, using
ρ/σ3 as a proxy, where ρ is the local density and σ the local velocity dispersion. As
mentioned in section 2.4.2, a number of studies have shown that the radial halo phase
space profile is a featureless power-law, whose origin may be easier to understand than
the broken power-law density profile. Preliminary examinations of a = 100 halos
show the persistence of a power-law profile that does not appear to be appreciably
different from the a = 1 profile for both CDM and WDM cosmologies. Additionally,
the interior phase space distribution for CDM and WDM halos that formed at the
same epoch appears unchanged, in spite of the fact that in the initial conditions the
WDM halos began with substantially higher phase space densities. Understanding
how the phase-space distribution relaxes may give us some clues to the origin of the
density profile.
An alternative approach to this question would be to remove halos from their
cosmological setting and study them as isolated objects in idealized environments.
While a number of such studies have been carried out, the conclusion of this thesis
that cosmology is not an important factor in setting the equilibrium configuration
lends additional justification for such an approach. By studying halos in idealized
environments with simplified physics that limit the allowed relaxation mechanisms
(such as a forced spherical symmetry for the force calculation that would further elim-
inate the effects of substructure) it may be possible to understand which relaxation
processes are needed to create an NFW profile.
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Another unresolved issue involves the validity of the halo model. While the halo
model begins with the assumption that all dark matter lives in a collapsed halo of
some mass, chapter 6 shows that a substantial amount of material is expelled from
a halo as it relaxes. The fate of such expelled material should be addressed. Is this
material able to condense into a series of small halos, or is it too hot and destined
to exist as a low-density stream of diffuse material filling the otherwise empty space
between halos? In particular, we must characterize how much material is destined to
end up outside of all halos larger than some mass threshold.
Finally, throughout this thesis, it was assumed that the dark energy took the
form of a cosmological constant, Λ. While this is certainly the simplest model and
one that is well within current observational constraints, we have not addressed how
these results would change if the dark energy had a different (possibly time-evolving)
equation of state. I would be surprised to find any fundamental changes to the equi-
librium halo structure if w was varied such that −1/3 > w ≥ −1, but many of the
exact values (i.e., the asymptotic ratio of Mhalo/M200) should vary with w. This pic-
ture would be very different, however, for a cosmology with “phantom energy”, where
the dark energy has an equation of state with w < −1 (Caldwell et al., 2003). The
energy density of such a substance would actually increase as the universe expands
and eventually result in an expansion that would unbind halos, globular clusters, and
even planets through a process known as the big rip. Unfortunately, because the very
nature of studying the far future of the universe means that many of the results will
be unobservable, we are unable to use such a test to constrain the nature of the dark
energy.
All of these questions regarding the origin of dark matter halo structure are of
fundamental importance to the field of cosmology. Being the dominant component
of the universe, dark matter halos provide the environment where galaxies form and
evolve, and a strong understanding of these structures should aid us in describing
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galaxies both as astrophysical objects and as cosmological probes. This thesis has
used simulations of the far future of our universe to study the equilibrium structure
of such halos, studies that inform us about both their future and past states. Because
a dynamical equilibrium is reached, studies of the future of our universe can be used
to understand the dark matter halo structure of today. Additionally, we are able to
address the theoretical question of our long-term fate.
If our universe is dominated by a cosmological constant (or some form of non-
decaying vacuum energy such that −1 ≤ w < −1/3), the far future will look remark-
ably different from the present. While extragalactic astronomy is currently an active
field of study in a data-rich era, the exponential expansion driven by the dark energy
will be the death of extragalactic astronomy and cosmology. Galaxies will merge with
all objects in the immediate vicinity and be pushed away from more distant objects
until the separation is greater than the Hubble radius. Observations will tell us that
we live in a massive galaxy embedded in a dark matter halo, possibly with some
substructure. External to this halo we will observe a static (non-expanding), empty
universe with no Hubble expansion, similar to the model originally envisioned by
Einstein when he first postulated his theory of General Relativity. Even the cosmic
microwave background, another of the three pillars of the Big Bang, will eventually
be cooled to an unobservable temperature. It is very likely that, based only on ob-
servations at such an epoch, we will be unable to postulate an complete theory of
cosmology. Without the aid of studies of the current epoch, the field will effectively





In this Appendix we generalize our results to the case of a vacuum energy that
depends on time, or equivalently, the scale factor a. For the sake of definiteness, we
adopt the standard form for the vacuum energy equation of state, i.e., the vacuum
pressure is given by
pvac = wρvac , (A.1)
where the parameter w is constant and lies in the range −1 ≤ w < 0. Current
observations seem to indicate a somewhat smaller range −1 < w <∼ − 0.5 (e.g.,
Wang et al., 2000; Balbi et al., 2001). In fact, Spergel et al. (2003) place a 95%
confidence limit of w ≤ −0.5 using a combination of the WMAP CMB data and the
HST key project (Freedman et al., 2001) value for the Hubble constant and find that
w ≤ −0.78 when additional constraints are added (from the SNIa-derived redshift
distance relation, the 2dFGRS large-scale structure, and Lyman-α data, assuming a
flat universe with constant w). For completeness, we consider here the full range of













where the index p = 3(1 + w).
The energy equation (4.6) that determines whether or not overdense regions col-





−pξ2 − β + (Ωm,0 + β)/ξ , (A.3)
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where β measures the gravitational influence of an existing structure according to
equation (4.7). The case of overdense regions can be considered by replacing β with
Ωm,0δ0, where δ0 is the overdensity.
In order to determine whether trajectories turn around (and hence remain bound
or collapse), the right hand side of equation (A.3) must vanish as before. In this
case, however, the resulting cubic equation has time dependent coefficients and so
the evolution of the scale factor must be considered simultaneously. As a result, we












Trajectories turn around when the right hand side of this equation vanishes. The
minimum value of β required for such turnaround occurs when the right hand side
of the equation has a double zero (both the right hand side and its derivative with
respect to ξ vanish). To find the critical value of β, denoted here as β⋆, we numerically
integrate equation (A.4) and iterate to find the value that provides a double zero.
This procedure must be carried out for every value of w (or p). The resulting values
of β are given below. The overdensities required for the collapse of future structures,
for a cosmology with a given value of w, are given by δ0 = β
⋆/Ωm,0. This quantity is
shown in Figure A.1.
We also provide a simple fit to the numerical result:
β⋆(w) = β⋆0
[
1 + a(1 + w) + b(1 + w)2 + c(1 + w)3
]
, (A.5)
where β⋆0 is the value for a cosmological constant (β
⋆
0 ≈ 5.3; §3.2) and where the
coefficients are given by
a = −2.33, b = 2.58, c = −1.20 . (A.6)
This simple cubic fit reproduces the numerical results with an absolute error bounded
by 0.035β⋆0 ≈ 0.19 (a relative error of a few percent – see Figure A.1). A better fit
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could be obtained by using polynomials of higher order, but this level of accuracy
should be adequate for most applications. With this fitting polynomial, the sphere of
influence for existing structures, rG = (2GMobj/β
⋆H20 )
1/3, can be written in the form









1 + a(1 + w) + b(1 + w)2 + c(1 + w)3
]−1/3
. (A.7)
Figure A.1. This plot shows the overdensity required for the collapse of future structures as a
function of the parameter w appearing in the equation of state for quintessence models. The sphere
of gravitational influence for existing cosmological structures is given by rG = (2GMobj/β
⋆H20 )
1/3,
where the parameter β⋆ is related to the overdensity required for collapse of existing regions via
β⋆ = δ0Ωm,0 (see text). The solid curve shows the numerically determined values; the dashed curve
shows a cubic fit to the function (using equations [A.5 – A.7]). As w becomes more negative, the
overdensity required for collapse becomes larger and the sphere of gravitational influence (for existing
structures) grows smaller — the formation of future structure is more suppressed for smaller w.
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Figure A.2. The maximum distance that a light signal can propagate between the present epoch
and temporal infinity for an accelerating universe described by equation of state parameter w. The
dashed curve shows a cubic fit to the numerically obtained result (see Appendix A and equation
[A.9]).
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For accelerating universes, we can find the maximum distance that a light signal
can propagate between now (the present epoch) and temporal infinity. This maximum



















By solving the integral numerically and fitting the result, we can write the distance
scale in the form
rmaxH0/c ≡ I(w) ≈ I0
[
1 + ã(1 + w) + b̃(1 + w)2 + c̃(1 + w)3
]
, (A.9)
where I0 = 1.141, ã = 3.073, b̃ = –12.39, and c̃ = 37.13. This fitting function is valid
for the range of equations of state −1 ≤ w ≤ −1/2. As w → −1/3, the integral (and
hence rmax) becomes divergent. The result is shown in Figure A.2.
With the sphere of gravitational influence defined by equation (A.7) and the max-
imum distance defined by equation (A.9), we can define the isolation time tiso for
structures through the relation a(t)rG ≥ rmax. The asymptotic form for the scale





















Notice that this form applies only for values of p strictly greater than zero (w > −1).
To properly take the limit w → −1, p → 0, the function must include additional
terms that are neglected in this approximation.
APPENDIX B
Dimensional Analysis
In this Appendix, we present a dimensional analysis that illustrates the funda-
mental results of this paper in simpler terms. With the benefit of hindsight, we can
conceptually reproduce many of the results of this paper.
Because the universe is already dominated by its dark vacuum contribution, the
future behavior of the universe is essentially one of exponential expansion at a well
defined rate. This rate is set by the Hubble constant. For the sake of definiteness, we
will use the asymptotic value of the Hubble constant H∞ = H0
√
Ωv,0 ≈ 59 km s−1
Mpc−1. This rate also defines the basic time scale for the problem, i.e., τ = H−1∞ =
17 Gyr.
Using square brackets to denote the units of a given quantity (in terms of length
L, time T , and mass M), we can list the variables that describe the the asymptotic
universe via
[H∞] = T
−1 [G] = L3/MT 2 [c] = L/T . (B.1)
These variables can be combined to produce a dimensionless field Π0 if only if a mass





If no additional variables are introduced into the problem – no additional entities are
introduced into the universe – then typically Π0 ≈ 1, which in turn defines a mass
scale for the universe. Inserting numerical values, we find M0 ∼ 1023M⊙ (essentially
the same result as that of equation [4.23]).
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Both our physical intuition and the results of our numerical simulations indicate
that cosmic structure becomes frozen and bound astronomical objects – galaxies
and clusters – grow isolated in the long term. The presence of a cluster or galaxy
introduces another variable into the problem, namely the mass scale Mobj. This scale,




∼ 10−11 , (B.3)
an incredibly small number. This quantity represents the overdensity of an isolated
cluster embedded in an island universe at late times.
Next, we want to define a length scale r0 associated with the galaxy or cluster
itself. Such a length scale can be defined in several ways. The natural length scale












where the power-law index n is to be determined. If we argue that the length scale
associated with the galaxy or cluster should be non-relativistic, then n must be chosen
so that the scale r0 does not depend on the speed of light. This constraint specifies





which is the same as the gravitational sphere of influence defined by equation (4.11)
(up to dimensionless factors of order unity). Equation (B.4) allows for a second
“natural” length scale – that determined by eliminating the Hubble parameter by
using n = 1. This choice results in the scale r = GMobj/c
2, which is the length scale
that determines the form of the functions A(r) and B(r) appearing in the metric
(equation [4.24]).
Another result of this investigation is the time scales for which objects become
isolated and radiation is stretched “beyond the horizon”. At this level of analysis, all
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of these time scales are the same and are determined by the asymptotic e-folding time
t = H−1∞ ≈ 17 Gyr. The more detailed mathematical analysis of the paper includes
logarithmic correction factors, as listed in Table 1. For cosmological events, however,
even the longest time scale is only 1260 Gyr or 74 e-folding times (it also turns out
that ln[rH/λ] ∼ 75 – for ‘typical’ astrophysical photons of wavelength λ ∼ 1µm). For
a universe with a cosmological constant, the basic result is that all future cosmological
events must unfold with “nearly” the same time scale, given by H−1∞ . For comparison,
stellar evolution time scales are determined by more complicated physics and span a
wider range of time scales, both much shorter (∼ 105 yr for star formation events;
Adams & Fatuzzo, 1996) and much longer (∼ 1013 − 1014 yr for the duration of the
longest-lived stars; AL97, LBA97). Galactic evolution – dynamical relaxation and




The upturn in the FOF mass function (Figure 7.6) at small mass is a surprising
and potentially troubling feature of our WDM simulations, and it is necessary to
determine if this phenomenon is a result of the simulation or of the FOF group-finding
algorithm. We have conducted a series of 5 WDM simulations with various volumes
and mass resolutions to examine this effect, and present the resultant mass fractions
at a = 1 in Figure C.1. Here, we are plotting the mass fractions, as opposed to the
mass functions shown in Figure 7.6. The mass fraction and mass function are related
by dn(M)/d ln(M) = (ρ̄/M)f(M). We used a mass resolution of 3.97×1010h−1M⊙ as
our base model, conducting three runs at this scale with comoving box lengths of 200,
100, and 50 h−1Mpc (solid, dash-dot, and dash-dot-dot-dot lines), and two additional
runs with box length 50h−1Mpc with mass resolutions 6.20×108 and 4.96×109h−1M⊙
(dotted and dashed lines). The left panel shows the mass fraction as a function of
mass in units of h−1M⊙, while the right panel shows the same fractions in units of
number of particles.
The most immediate feature of the left panel is that the location of the upturn
changes with mass resolution, independent of the simulated volume. The right panel
of Figure C.1 further indicates that this upturn is a purely numerical artifact. Here,
the mass fraction is plotted in units of number of particles in the halo, and we see
that at low masses all resolutions converge on the upturn. Finally, we also note that
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Figure C.1. Left Panel: The fraction of mass in a collapsed structure of a given mass as a
function of mass for a number of WDM simulations with varying degrees of mass particle resolution
(Mparticle = 6.20× 108− 3.97× 1010h−1M⊙) and simulated volume (50− 200h−1Mpc). The vertical
dotted line represents the truncation scale, Mc. Right Panel: The same mass fractions, now plotted
mass in units of number of particles.
the location of the minimum in the mass fraction (Mmin) corresponds to a transition
point: halos with M > Mmin have corresponding halos in the CDM simulation, while
those with M < Mmin do not (see Figure 7.7). In these, 90% of all halos with
MFOF ≫ Mmin have corresponding halos in the CDM cosmology, while less than
1% of halos with MFOF < Mmin have identified cross halos. Even though the input
power spectrum for the CDM and WDM cosmologies is vastly different, it is not the
value of Mc, but rather the of value Mmin that determines the mass where we are
unable to find corresponding halos in the CDM cosmology. This trend is especially
noteworthy in the case of the small volume realization, where Mmin is almost two
orders of magnitude below Mc. Wang & White (2007) argue that these low-mass
halos form through numerical instability in the N-body simulation. While we do see
many small halos that appear to have such an origin, we note that in Figure 7.6, the
SO mass function exhibits a much weaker upturn than that FOF mass function. In
fact, most of the FOF halos below the upturn have no central overdensity greater
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than 200ρcrit and are not detected by our SO groupfinder. Instead of looking like a
roughly spherical group, these FOF halos exist more as a linear string of particles
that are not even identified as energetically bound by SUBFIND .
One expects an upturn eventually, since a FOF group finder puts every particle in
a group of some size. At any given time, 50-70% of all particles end up in “groups” of
one particle, requiring an upturn somewhere, something that you would expect even
in a standard ΛCDMsimulation (although the effect there should be much smaller
due to the large number of actual groups at this mass range). Our results suggest








particles when a linking length of 0.164 is used.
APPENDIX D
Stability of Halos
Because much of this work deals with the long-term fate of halos, care needs to be
taken to insure that our halos our stable over very long periods of time. As discussed
in section 3.1, numerical relaxation can become effective at removing particles from
high density regions due to hard collisions and two-body encounters. Again, the





Here, tcross and R are the crossing time and size of the system, while bmin = GM/v
2
is the gravitational radius of the system. The relaxation time for the system, trelax is
directly proportional to the mass resolution of the simulation (which determines N).
While the relaxation times for most of our halos are on the order of 104Gyr (and is, in
fact, even longer because of the softened potential), the relaxation will proceed much
more quickly in the inner regions, making it necessary test simulations of various
resolutions for long-term stability of the halo core. Even with the presence of the
softening discussed in section 3.1, because of our long time-scale, if our resolution is
too coarse, two-body collisions resulting from finite mass resolution will eject particles
from halo centers, causing the systems to relax through an unphysical process.
We examine the effects of relaxation by measuring the radii of surfaces containing a
fixed number of particles in relaxed halos, show in in Figure D.1. Each line represents
the radius internal to which are a fixed number of particles, ranging from 100 to
409, 600 as a function of time. Once the halo has reached dynamical equilibrium, we
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expect the radius to be constant if relaxation is not having a significant effect. If
there is an appreciable amount of relaxation present, however, we would expect these
radii to increase as close encounters increase the energy of particles enough to move
them onto larger orbits or to eject them all together.
At early times, Figure D.1 shows substantial evolution for all radii because the
rapid mass accretion onto the halo. The outer radii decrease as mass is added into
the system, while the inner radii increase due to virialization of the accreted material.
By a ∼ 3, however, mass accretion has ended and the radii stabilize substantially.
The larger radii become extremely smooth while the lower radii exhibit small, rapid
fluctuations due to stochastic processes. The important thing to consider, however,
is the overall evolution of the radii smoothed over time. Clearly, surfaces containing
>∼ 6400 particles are stable throughout the time plotted, exhibiting no change r from
a = 3 − 100. The inner surfaces, however, have a gradual, but persistent, increase
that may be an indication of relaxation for radii enclosing <∼ 1000 particles. At
these inner radii, a couple of percent of the particles are being pushed out every
factor of 10 in a. While this is not catastrophic relaxation, we mitigate the effect by
ignoring the inner regions, r ≤ 0.1, of modestly resolved halos for most of the analysis.
Whenever the inner regions of the halos are more important (as in measuring phase
space distributions) we consider only the more highly resolved halos.
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Figure D.1. The radii in a halo enclosing a given number of particles as a function of time. The
different colors represent different numbers of enclosed particles. The dotted lines show the final
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